GEOMETRIC CHARACTERIZATION OF HITCHIN
REPRESENTATIONS

GUILLAUME DREYER

ABSTRACT. These notes are an attempt of summary of Labourie-Guichard’s
characterization of Hitchin representations established in [La] and [Gui3] via
the notion of hyperconvexity.

1. HYPERCONVEXITY

We discuss the notions of hyperconvex representation and Anosov representa-
tions. In particular, we prove that hyperconvex representations are Anosov.

1.1. Hyperconvex representations.

Definition. A flag curve F: 0,5 — Flag(R") is hyperconvez if it satisfies the
following two conditions:
(1) for every k—tuple of distinct points x1, ..., zx € DoeS , for every k—tuple of
integers mq, ..., my such that my +--- + mg = n,

R™ — g(ml)(xl) D.-P g(mk)(xk);

(2) for every k—tuple of distinct points 1, ..., 2 € 8005 , for every k—tuple of
integers myq, ..., my such that m; +--- +mp =m < n,
lim F)(z)) @ - @ F) (23) = F ().
(3:7,)_>33

Note that a hyperconvex flag curve is in particular continuous. Besides, the
image of the projective curve ¥ : 9,08 — RP" ! is a C'-embedded curve.

Definition. A homomorphism p: m1(S) — PSL,(R) is a hyperconvez representa-
tion if there exists a p-equivariant, hyperconvex flag curve F,: 0ooS — Flag(R™).

Example. Let pg: 71(S) — PSL,(R) be a n—Fuchsian representation, namely pg
is a homomorphism of the form
po=rtor
where: 7: m1(S) — PSLy(R) is a Fuchsian homomorphism; and ¢: PSLy(R) —
PSL,,(R) is the preferred homomorphism defined by the n—dimensional, irreducible
representation of SLy(R) into SL, (R). Then pg is hyperconvex. Identify 9,05 with
RP! viewed as the set of nonzero homogenous polynomials of the form aX + bY
up to scalar multiplication. The associated equivariant flag curve F,, is defined as
follows: foreveryi=1,..., n—1, ?E)i) ([aX —|—bY]) is the i—dimensional subspace of
homogenous polynomials of the form ap X" ' +a; X" 2Y +---4+a,_1Y" ! that are
multiples of (aX +bY)" . One easily verifies that F,, is hyperconvex as it satisfies
1
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both conditions (1) and (2). The projective curve :_Jt,()},) is called the Veronese’s
embedding of RP* in RP" .

Exercise. Show that the “Veronese” flag curve is hyperconvex.

1.2. Anosov representations. Set R” = R"/{£Id}; note that PSL,(R) acts on
R™. Given a homomorphism p: m1(S) = PSL,(R), let T'S x, R" — T'S be the
flat twisted R-bundle associated with p.

Definition. A homomorphism p: 71 (S) — PSL,(R) is an Anosov representation

if there exists a p-equivariant flag curve F,: 05 — Flag(R™) that satisfies the
following two conditions:

(1) for every pair of distinct points z, y € 3005, forevery k=1,...,n—1,
n __ k n—k .
R" =39 (2) © 5" M (y);

(2) let (Gy¢)ier be the lift in the flat bundle T1S x, R™ of the geodesic flow
(gt)ter; the flag curve F, provides a line splitting Vi @ -+ d V,, of T'S %,
R" — T'S that is invariant under the action of (G)icr; we require the
action of (Gi)ier to be Anosov in the following sense; there exist a Rie-
mannian metric || || on the fibres of 719 x ,R"™ and some constants 4, a > 0
such that, for every i = 1, ..., n — 1, for every t > 0, for every u € T'8S,
for every unit vectors X;(u) € V;(u) and X;11(u) € Vigq(u),

G X (u)ly, ) < Aem,
1Ge X i1 (Wl g,y ~

A consequence of the Anosov dynamics is that an Anosov representation p admits
a unique equivariant flag curve F, satisfying (1) and (2). In addition, F,: 0ocS —
Flag(R™) is Holder continuous. See [La, Guiz, GuiW] for details.

Example. A n—Fuchsian pg = ¢ or is Anosov. It is convenient to look at the
situation in the universal cover TS x R™. Given a base point 1y € T'S, we can
identify TS with PSL2(R); the action of the geodesic flow (g;)ier on T1S then

identifies with the right action of the subgroup {(etoﬂ o, )} g o8 PSLy(R).
e te

The Veronese flag curve J,, provides a line splitting Vi - @V, of T'S x R"
that is invariant under the action of the lift (G});er. Now, since T1S is compact,
to show that the flow (G;)ier is Anosov in the sense of (2), we may choose any
suitable metric on the bundle TS x,, R" for which the action is Anosov.

Pick a metric || ||, on the fibre R%o above Tig; for every i = giig € T*S where
g € PSLy(R), for every X € RZ, set

X1z =

L(g)_lXH~ .
o

This defines a metric on the fibres of the bundle TS x R™. By construction, it
is invariant under the left action of PSLy(R) and thus descends to a well-defined
metric on the bundle 7S x,, R™. Observe that, if 4 = gtip where g € PSL2(R),
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t/2

then g;(u) = (garg~—')u where a; = (e ,9/2 ) Because of the flat connection,

0
1G: X g, @) = 11X lg, @)
= Xl (garg-1ya
L(gat!fl)_

= [ty hx )Xz,
It is easy to conclude from the above relation and the definition of the homo-
morphism ¢: PSLy(R) — PSL,(R) that the action of the flow (G;):cr on the line

splitting V1 @ --- & V,, — TS provided by the Veronese flag curve F,, satisfies the
Anosov condition (2).

1.3. Hyperconvex implies Anosov. We now show the following result.
Theorem 1. Let p be a hyperconvex representation. Then p is Anosov.

Sketch of the proof. Consider the line bundle V%, ® V; — TS, endowed with the
following metric || || on the fibres: for every u € TS, for every ) € Vi, @ Vi(u),

set
Hw” <aivw(Xi+1)> <ai+17Z0>
" (i1, Xita) (ai; Zo)
where: @ = (z4,x0,2_) € T'S is a lift of u; Zy € ffﬁ,l)(xo); Xit1 € Vigr(W); and
o is a linear form with ker(a;) = ?gjfl)(anr) @ 5?2”*”@_). Note that, because
of the transversality condition (1) of a hyperconvex flag curve, || || is well defined;
moreover, it is clearly independent of the choices of Zy, X;;1 and ;.

To prove the condition (2), it is enough to show that the action of the flow
(Gt)ter on the line bundle V;,; ® V; is exponentially contracting. To do so, we
begin with proving that HGth (u) Converges to 0 as t goes to +oo.

Because of the flat connectlon

1Gll g,y Nllg ) |, Ze) (s, Zo)

Il Il (i, Zt) {@it1, Zo)

where: g¢(u) = (x4, 2, 2_),and Z; € .’f ( +). Since limy_, oo ?f,l)(xt)@ﬁrgi*l)(xﬁ
St,(f) (x4 ), we may assume that Z; converges to a vector Z., € CT",()Z) (x4) —3",()%1)(5@).
As a result,

lim (ay, Z¢) = (o, Zoo) # 0;

t——+o0o

lim (i1, Zt) = (@it1, Zoo) = 0.

t—4o0
It follows that lim;_, ||Gtw||gt(u) =0.

The exponential contraction comes as a consequence of the compacity of T'8S.
First of all, note that, since we are dealing with a flow, it is enough to show that
there exists some ¢y > 0 so that, for every t > tq, for every u € T'S9, for every

Y e Vi, @ Vi(u),
1
Gt < 5 191,

By contradiction, let t; — +00, Uy = (24.,4,2q,T—4) € TS and Yy € Vi ®
Vi(uq) be sequences for which |‘th¢qutq(uq) >1/2 H’(/Jqutq (uy): By compacity of
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T'S and m (S)-invariance, we may assume that u, converges to oo = (T4, Too, T ).
Thus: set g;, (ug) = (/) 4, 7y, 22 ,); we have x7 — ¢ 100 4. Let

—q
HGthQHg,ﬂ(uq) . ||¢L]||gtq(uq) _ <O[i+1,Z(II> <ai7Zq>
<OZ1,Z(IZ> <ai+17Zq>

Walw, Tl
where: Z, € ?,gl)(xq); and Z; € ?ﬁl)(m;). Since limg— 40 9’/()1)(96;) P ffﬁi_l)(m) =
?;i) (z4), we may assume that Z; converges to a vector Z;, € fr",(f) (x4) —ff’g_l)(u),

which, by the previous reasoning, yields a contradiction. See [Guis, §3], Proposition
18 for additional details. O

>1
2

Note that in the above proof, we only make use of the transversality condition for
a triple of flags, and of the limit condition (2) in the case where ¢ = 1. Therefore,
the hyperconvex condition appears to be notably more restrictive than Anosov.

2. OPENESS OF HYPERCONVEX REPRESENTATIONS
2.1. Anosov 3-hyperconvex representations.

Definition. A flag curve JF: oS — Flag(R™) is 3-hyperconvex if for every triple
of distinct points z, y, z € 059, for every triple of integers j, k, [,

R™ = g(j)(x) @ g(k)(y) @ g(l)(z).

Let A*(S) C Rpsr, (r)(S) be the set of Anosov representations that are 3-
hyperconvex. Note that A3(S) contains the set of hyperconvex representations
FH(S).

Lemma 2. The set A3(S) is open in Rpse,, ) (S)-

Proof. Let py be an Anosov representation. There exists an open subset U > pg
such that the map

®: U X 0565 — Flag(R")

(p,x) = Fp(x)
is continuous.
Let 0,,5%* be the set of triple of distinct points in 0sS; recall that 9.5
identifies with T1S. Consider the map

U: U % 0,08 = N
(P» (@, y, Z)) = dim(i}‘p(x) +Fp(y) + ?p(z))

By compacity of T1S and m;(S)-invariance of ¥, it follows from the continuity of
® that there exists U’ C U for which U is constant and equal to n. See [Guis, §4],
Proposition 20. (]

The flag curve of an Anosov 3—hyperconvex representation satisfies the following
regularity property.

Proposition 3. Let J,: DocS — Flag(R™) be the flag curve of an Anosov 3-
hyperconvex representation p. Then, for every integers m = k +1 < n, for every
T € DS,
: k) l _ aq(m
(y}gr;xffg (y) ® S"f,)(z) =T} )(a:)

y#z
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Note that the above limit implies the existence of a tangent line to the projective

curve ff",()l): the (image of the) curve F, is C'. Besides, Theorem 1 shows that, if
F, is “smooth” enough, then p is Anosov. As it will become more apparent in the
proof, Proposition 3 to some extent shows that the Anosov property is necessary
to guarantee enough regularity for the flag curve J,.

Sketch of the proof in the case where l = 1. For k < n, consider the map

b o 170 T @) ity £
n-\y,z (k) oy —
+(w) ify ==

We want to show that n* is continuous; clearly, we are only concerned with points
of the form (y,y). Let I C 9s0S be an interval; and let x_ be a point in the
complement 958 — 1. For every y,z € I, set £" " L(y,2) = n¥(y,2) ® ff"énik*l)(x,).

For every x; € I, it follows (see exercise below) from the Anosov property for
the line decomposition V; @ --- @ V,, — TS and the 3-hyperconvexity that

lim & Hay,z) =€ oy, 24).
T—T 4

Moreover, pick xy € I. The contraction property enables us to show that the
convergence is uniform, namely, for every ¢ > 0, for every y* € I, there exist
an interval I’ C I that contains y™, and a constant § > 0, such that, for every
zy,x € I' with dist, _z(z4,2) <0,

distgen—1(rny (6" (24, 2), £y, 21)) <e.
Hence, by continuity of the map y — "~ (y,y),
lim é-n—l(x+7l.) :fn_l(y+vy+)’

(T4,2)2y+

Finally, since n* = ¢"~1 N yF*+1 we obtain the continuity of the map n* for all
k < n —1 by descending induction. The case when [ > 2 is identical. See [Guis,
§4], Proposition 20 for additional details. O

Exercise. Let x. € I, and let z, € I be a sequence converging to 4 as ¢ — oo.
Using the techniques introduced in the proof of Theorem 1, show that, for every
€ > 0, there exist an integer @) and a constant C' > 0 such that, for every sequence
of vectors Z,; € ?f)k_l)(er) ® ?,gl)(xq) ® fr",()n_k_l)(x,),

distpn (Zg, T (24) @ T (a2)) < C |1 Z,]|e.
Conclude that lim,_,,, " Hzy,z) = " oy, zp).
2.2. Openess. Let H(S) be the set of hyperconvex representations.
Theorem 4. 3((S) is open in Rpgr,, (r)(S).

Let Gri’+(R”) be the Grassmannians of oriented vector spaces Gr**(R™); it a
2—cover of Gr*(R™). The observation below will come in very handy.

Lemma 5. Let F: I — Flag(R™) be a hyperconvez flag curve defined on an (ori-
ented) interval I C 0x0S. For every i =1, ..., n—1, suppose that the map
FO . T — Gr'(R") lifts to FO+: T — Gr T (R™) so that

lim  FODF(y) @ FDF(2) = FOH(a).

(y>z)—z
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Then there exists an orientation R™% of R™ such that, for everyny +---+ny =n,
for every x1 > --- > xy,

R™t — 9~:(n1),+(z1) BB g:(nk,)ﬁr(xk).
Proof. Left to the reader as an exercise. O

Sketch of the proof of Theorem 4. The proof requires several steps. The key idea
is the following: if U C A3(S) is a contractible neighborhood of a hyperconvex
representation pg, then all representations in U are hyperconvex.

Let p € U. By induction on k, we prove that, for every = € 0,5,

for every k—tuples of integers my, ..., my,

H(k):
lim (e, TS (@1) @ - @ T (1) = T (@),
where m =mq +---+my <n— 1.
Note that H(1) is true by continuity of the flag map F,, and H(2) is true by
Proposition 3.
Let us focus attention on the special case of H(3) where my = n — 3, mg = 1,
msz = 1. We want to show that

(1) (xligx ff,()"_?’) (z1) @ 9,9)(332) D 9,&”(953) = ff,()"_l)(x).

Let I C 945 be an interval that contains z. Pick an orientation on I. It is enough
to analyze the case where the above limit is taken under the extra condition that
r1 > xg > x3. The advantage then resides in the possibility to lift the situation
in the Grassmannians of oriented vector spaces Gr”"‘(R"). More precisely, let
?,(,1)’+: I — GrT(R") that lifts ffél); for every k < n — 1, define a lift 9,@’* and
an orientation R™* for R via the following relations:

E+1) 4000 — 1 k), + Dyt (,).
FEHD*(2) = , FEH(y) @ FF(2);
y>z)—x
+ —1),+ 1)+ ;
R" —S"l()" ) (y)@fﬂ()) (2) if y > z.

We begin with studying cluster points of converging sequences. Let (x >) x1,4 >
Z2,4 > T3,4 be a triple of sequences that converge to x € 0.S. Assume that the
sequence

Prn0F = g9t (1 ) @ FF (22,0) @ T (23,4)

converges to the oriented hyperplan P(*~1-+ ¢ Gr"~(R"). By Proposition 3,

P(=1 contains &",g"_Q)(x). Hence, for w < z, the sequence of oriented lines (3-
hyperconvexity!)

204 = B0 T )

converges to the oriented line ZW+ = P=D+ A FT (). We want to prove
that

1),+ _ n—1),+ 2),+
zWM —fﬂ() ) (a:)ﬂ&’"é) (w)

which will imply that P04 = g0+ ().
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Let Dén_l)’Jr and Eé”‘”* be the sequences of oriented hyperplans defined by
D((In—l)ﬁr - ?,(3"_2)’+(x1,q) ® Sf,gl)’+(x37q)
Eé”*l)’Jr = 3"5,"73)’+(x17q) 5] 3";,2)’+(;1:3,q).
A first step is to show that both sequences converge to the oriented hyperplan
3"("_1)’+(:L‘). The convergence without the orientation nonsense is guaranteed by
Proposition 3. Now, lim,_, 4 D((Irkl)’+ = F=1:+(z) is true by definition of the
lift =1+ For the sequence Eén_l)’+, it is enough to show that
(n—1),+ 1),+ — gn-1)+ 1)+ — Rt
E, © I, (w) =T (z) ® T, (w)(=R™T).

This is the moment when the orientation nonsense plays a central role. The open
subset U being contractile, we can deform the flag curve JF, into the hypercon-
vex flag curve F,, through a continuous family of Anosov 3-hyperconvex curves
(Fp)tefo,) C U with I, := F,. Observe then that the lift F, ; for F, extends a
lift (F,, 4+ )ecjo,1) so that, for every t € [0,1],

Fr=34 (21,4) ® FO T (23,) & T (w)

defines the same orientation on R™. When ¢t = 0, the Lemma 5 applies to the
hyperconvex flag curve J,;: it guarantees that the orientations “behave well” when
we take limits. As a result,

BVt g 0 (w) = F0H (2 ) & T (23,9) @ T (w)

( (
= F=DF (21, ) @ 5"<2 T as,g) ® F 1> T (w)
=TT (@) @ FG (w)
=Fr Dt (z) @ 3—;,1 T (w).
We can conclude via the following observation. Consider the two sequences
70+ g pin=D+
ZWt g Eén—l),+

of Gr"’+(]R"). It is easy to see that these sequences have opposite orientations
Moreover, recall that the limits of both sequences each contain Z()-+ and St S ).

Therefore, Z™) must be contained in (J’",()n 1)( ).

Regarding the existence of the limit (1) (un peu passé sous silence..): it comes as
a consequence that (nonoriented and oriented) Grassmannians are compact spaces.
Therefore, every sequence that admits a unique cluster point is convergent. See
[Guis, §5], Theorem 23 for additional details. O

3. CLOSEDNESS OF HYPERCONVEX REPRESENTATIONS

Theorem 6. The set of hyperconver representations H(S) is equal to the union of
the Hitchin components of Rpgr,, r)(S).

The proof of Theorem 6 strongly relies on algebraic group techniques; in other
words, on aime ou on n’aime pas... It makes great use of results established in
[Guig].

Here are two results that are essential in the following; the first one is a rather
easy observation, while the second one requires hard work and is one of the main
keys in the proof of Theorem 6.
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Lemma 7. Let p be a hyperconvex representation. Then p is strongly irreducible.
Proof. Left to the reader as an exercise. See [Guis, §3], Propositions 14 and 15. O

Lemma 8. Let p be a representation that is strongly irreducible and limit of hy-
perconvex representations. Then p is hyperconvex.

Proof. Left to the reader as a nightmare. See [La, §9]. O

3.1. The case where the genus is “large”. Let us denote by H(S) be the
adherence of the set of hyperconvex representations H(S). If the genus of the
surface is large enough (in relation to n), Theorem 6 comes as a consequence of the
following proposition, that, along with Lemma 8, constitute the keys of the proof.
Proposition 9. 3(S) is open in Rpgr,, (r)(S).

Proof. See [Guig, §6], Proposition 26. O

As a consequence of Proposition 9, since H(S) contains the n—Fuchsian repre-

sentations, H(S) contains the Hitchin components.

Sketch of the proof of Theorem 6. By Proposition 9, H(.S) is the union of connected
components of Rpgr,, (r)(S); in particular, since H(S) contains all n~Fuchsian re-

presentations, H(S) contains the Hitchin components. Besides, it is a consequence
of [Hit] that all representations in the Hitchin components are strongly irreducible;
hence, by Lemma 8,

H(S) N Hitchin components = H(.S) N Hitchin components

Finally, again due to [Hit], representations that are not Hitchin can be deformed
into representations valued in the compact Lie group PSO, (R); as a result, such
components can not contain any discrete representation. ([

3.2. The general case. The key lies in two simple observations that enable us to
go from the large genus case back to the small genus case.

Lemma 10. Let T be a finite index subgroup of w1 (S). Then

(1) p: m1(S) — PSL,(R) is hyperconvez if and only if p: T — PSL,(R) is
hyperconvex;

(2) p: m(S) = PSL,(R) is Hitchin if and only if p: I’ — PSLy,(R) 4s Hitchin.

Proof. Left to the reader as an exercise. O
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