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1. PRELIMINARY NOTATION

In the whole talk, K denotes a maximal compact subgroup of G, so that
X = G/K is the Riemannian symmetric space of G, and A denotes a max-
imal split connected semisimple abelian subgroup of G such that the Car-
tan decomposition G = KAK holds; by definition, the real rank of G is
rankg (G) = dim(A). Consider the decomposition of the Lie algebra g of G
into joint eigenspaces for the adjoint action of A:

(1.1) g=(m+a)+n+n,

where a is the Lie algebra of A, where m is the Lie algebra of the centralizer of
Ain K, and where n (resp. n™) is the sum of the positive (resp. negative) root
spaces with respect to some fixed choice of positive restricted root system.
Let M be the centralizer of A in K, with Lie algebra m, and let N (resp. N7)
be the image of n (resp. n~) under the exponential map exp : g — G. The
group M A is the centralizer Zg(A) of A in G. The groups P := (M A) x N
and P~ := (M A) x N~ are opposite minimal parabolic subgroups of G, with
respective unipotent radicals N and N—.

Example 1.1. For G = SL,,,(R), we may take K to be SO(m) and A to be
the group of diagonal matrices in G with positive entries. The Lie algebra
g is the set of traceless m x m real matrices, a is the subset of diagonal
matrices, and m is trivial (G is split). With the usual choice of positive root
system, n (resp. n~) is the set of upper (resp. lower) triangular nilpotent
matrices.
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Example 1.2. For G = SO(p, q)o, the group K is isomorphic to SO(p) xSO(q).
Suppose p < g. If we see G as the subgroup of SLy,,(R) preserving the qua-
dratic form
201 Tpqg + 222X g1+ -+ 27 Ty —:cf,ﬂ —x12,+2 — Iy,
then we may take a to be the set of diagonal matrices
diag(t1,...,tp,0,...,0,—tp, ..., —t1)

with #1,...,%, € R. In this case m is the set of block diagonal matrices
diag(0, D,0) with D € so(q — p), with the two 0 blocks of size p x p. With
the usual choice of positive restricted root system, n (resp. n~) consists of
strictly upper (resp. lower) triangular block matrices.

2. CONVEX COCOMPACTNESS IN REAL RANK 1

2.1. Definitions, examples, and characterizations. In this section we
assume that G has real rank 1. Recall the following classical definition.

Definition 2.1 (rankgr(G) = 1). A discrete subgroup I' of G (or any injective
representation p : I'g — G of a discrete group I'g into G with image I') is said
to be convexr cocompact if one of the following equivalent conditions holds:

(1) T preserves and acts cocompactly on some nonempty convex subset
C of X = G/K,

(2) T acts cocompactly on the closure Fr of the union of the translation
axes of the hyperbolic elements of I in X (in other words, the closure
of the union of all closed geodesics is compact in I'\ X);

(3) the conservative set of the geodesic flow on the unit tangent bundle
TYT\X) is compact.

By definition, the conservative set of the geodesic flow (p;)er is the clo-
sure of the set of vectors v € T1(I'\ X) such that ¢;(v) returns to a compact
subset of TH(I'\ X) infinitely often.

Since rankg(G) = 1, the Riemannian symmetric space X is Gromov-
hyperbolic; its visual boundary identifies with G/P. Any nonempty, I'-inva-
riant, closed, convex subset of X must contain the convex hull Conv(Ar) C X
of the limit set Ap C G/P of T', hence (1) is equivalent to the fact that I’
acts cocompactly on Conv(Ar). The set FT is the union of all geodesics of X
with both endpoints in Ap; it is contained in Conv(Ar), so (1) immediately
implies (2). The following classical lemma (see [Gd, Lem. 4| for instance)
explains why (2) implies (1).
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Lemma 2.2. The set Conv(Ar) is contained in a uniform neighborhood of
its subset Fp.

Convex cocompact groups in real rank 1 include uniform lattices and
Schottky groups (with no parabolic element). Other interesting examples
are given by quasi-Fuchsian representations of surface groups into PSLy(C).

We shall recall a proof of the following well-known lemma.

Lemma 2.3. Ifrankg(G) = 1, then the following conditions are equivalent:

(1) T is convex cocompact,
(13) T is finitely generated and quasi-isometrically embedded in G,
(#i7) T is Gromov-hyperbolic and there exists a continuous, injective, and
[-equivariant map & : O’ = G/P = 05X,
(iv) T is Gromouv-hyperbolic and the natural inclusion of T' in G is a P-
Anosov representation.

Recall that “I' quasi-isometrically embedded in G” means that for some
(hence any) finite generating subset S of I and some (hence any) G-invariant
Riemannian metric dg on G, there exist ¢, C' > 0 such that for any v € T,

da(e,v) = cls(y) = C,

where £g : I' — N is the word length function with respect to S. We shall re-
call the definition of Anosov representations in Section 2.3 below. The implica
tion (iv) = (i7) actually holds when G has arbitrary real rank [GW, Th. 5.3].

A proof of Lemma 2.3 will be given in Section 2.4. We first recall an
interpretation of the homogeneous space G/M A.

2.2. The homogeneous space G/MA. When rankg(G) = 1, there are two
G-orbits in G/P x G/P: a closed one, namely

Diag(G/P x G/P) ={(£,§) : £ € G/ P},
and an open one, namely
(G/P)? = (G/P x G/P) ~ Diag(G/P x G/P),

which we shall denote by O. If we see G/P as the space of minimal para-
bolic subgroups of GG, with the transitive action of G by conjugation, then
(P,P~) € G/P x G/P belongs to O; its stabilizer is PN P~ = M A, hence O
identifies with G/M A. We can interpret O as the space of oriented geodesics
of X = G/K, with the two projections of O C G/P x G/P onto G/P giving
the two endpoints in Jsx X. This is known as the Hopf parameterization of
the space of oriented geodesics of X.

When G has arbitrary real rank, G/M A still identifies with the only open
G-orbit in G/P x G/P; there may be more than two G-orbits.

2.3. Anosov representations. In this section G can have any real rank.

2.3.1. Ezxponential expansion and contraction. We shall use the following
classical terminology. Let 7 : ¥V — M be a vector bundle over a compact
manifold M. For any m € M, choose a norm || - ||, on the fiber 7=1(m) so
that the family (|| - ||;m)mem is continuous.
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Definition 2.4. A flow (f;)ier on V is said to exponentially expand (resp.
contract) V if there exist ¢, C' > 0 such that

Hft : vHﬂ‘(ft'U) > Cecm Hv”rr(v)
for all t > 0 (resp. t <0) and all v € V.

This does not depend on the choice of the continuous family (|| - ||;n)met,
by compactness of M.

2.3.2. Anosov representations for fundamental groups of closed, negatively
curved manifolds. Let N be a closed, negatively curved, Riemannian man-
ifold, with universal covering N and fundamental group I'y. The geodesic
flow (¢¢)ier on the unit tangent bundle M := T1(N) is an Anosov flow:
there exists a (dyt)ier-invariant splitting

(2.1) TM=92"09 a9

of the tangent bundle M into subbundles such that 2° is tangent to the
flow and 27 (resp. 27) is exponentially expanded (resp. exponentially con-
tracted) by (dyy)ier in the sense of Definition 2.4. The notion of Anosov
representation aims to generalize this idea to representations of I'g into G.
In order to define it, we first make a few remarks. Let p : I'g — G be a group
homomorphism.

e The group I'g acts on M = T! (]\7 ) by deck transformations. We denote
by M X, G/MA the quotient of M x G/M A by the diagonal action

v - (1, gMA) = (-1, p(y)gMA)
of I'yp. It is a principal bundle over M with fiber G/M A.

e The geodesic flow on M\, which we also denote by (¢¢)ier, lifts to a flow
(V)ter on M x G /M A which is trivial on the right factor:

Since (p¢)ter commutes with the action of T'g on M\, the flow (¢¢)ier de-
scends to a flow on M x, G/MA, still denoted (¢)¢cr, which lifts (¢¢)ser.
e Recall from Section 2.2 that the homogeneous space G /M A identifies with
an open subset of G/P x G/P. This product structure induces a G-invariant
splitting
T(G/MA)=&T @ &.

In turn, the G-invariant distributions &% on G/M A determine distributions
FE CT(M x,G/MA) on M x,G/MA, which are preserved by the flow
(dipr)ter.

Definition 2.5 (Labourie [L]). A representation p € Hom(T'g, G) is P-Ano-
sov if there exists a continuous section s of the bundle M Xp G/MA — M
which is compatible with the flows (¢;)ier and (¢;)ier, in the sense that
sop; = os for all t € R, and such that s*.Z T (resp. s*.% ) is exponentially
expanded (resp. contracted) by (di;)icr.
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Another way to say that s is compatible with the flows (¢;)ier and (1;)ier
is to say that it is flat along the flow lines of (¢;)¢cr, for the flat connection

on the bundle M x p» G/MA — M induced by the flat connection coming
from the product structure on M x G/MA — M.

2.3.3. An equivalent definition. A section s of the bundle M\xpG/MA - M
determines a unique p-equivariant map o : M= G /M A, and vice versa.
Therefore, Definition 2.5 can be reformulated as follows: a representation
p € Hom(Ty,G) is P-Anosov if and only if there exists a continuous, p-
equivariant map o : M= G /M A with the following properties:

e 0 is invariant under (¢;)ier,

e for some (hence any) continuous, p-equivariant family (|| - ||l) ;¢ 7

where ||+ || is a norm on T5(,3,) (G//M A), there exist ¢, C > 0 such that
(2.2) [wllgpm > C e [Jw]ln
for all 7 € M and all (w,t) € (&) x RY) U (&, . x R7).

In this case, o factors through the space M /(pt)ter of oriented geodesics
of N and is unique: any v € 'y~ {e} has a unique attracting (resp. repelling)
fixed point 52}' (resp. &) in G/P, and o must send the oriented translation

axis of v in NV to (£5,£;) € G/MA.

2.3.4. A characterization in terms of roots. Here is an equivalent formulation
of (2.2) due to Guichard-Wienhard [GW], which we give in the special case
where rankg (G) = 1. Since A is contractible, by using a partition of unity we
can lift the continuous, p-equivariant map o : M= G /M A to a continuous,
p-equivariant map o’ : M= G /M; any two such lifts differ by a bounded
amount in any G-invariant Riemannian metric on G/M. Note that A acts on
G /M by right multiplication (because M and A commute). For any m € M,
there exists a continuous map t — a,;,; € A such that

o' (pr 1) = o' (1) @
for all t € R. The tangent space T'(G /M) admits a natural right- A-invariant
splitting
TG/M)=9"c9t o9

into subbundles such that the image of ¥° (resp. 41, resp. ¢~) under the
projection T(G/M) — T(G/MA) is {0} (resp. &, resp. &7 ). To simplify,
suppose that the rank-one group G has only one positive restricted root «
(in general, when G is not split, it can have two positive roots a and 2a).
Then for any a € A, the differential map T(G/M) — T(G/M) of the right
multiplication by a restricts to the trivial map on 49, to the multiplication by
the scalar a(a) > 0 on ¢, and to the multiplication by 1/a(a) on ¢~. From

this observation (and its variant when G has two positive roots « and 2, one
easily deduces that (2.2) is equivalent to the existence of ¢, C' > 0 such that

(2.3) a(amt) > C e



CONVEX COCOMPACT GROUPS 6

for all (m,t) € M x R, . Note that if m belongs to a periodic orbit of length
T of the geodesic flow (¢¢)er, corresponding to an element v € Ty, then

o'(y-m) = p(v) - ' (M) = o’ () a1,
hence p(7) is conjugate in G to an element of May, 7 C M A and log o(ay, 1)
is the length in p(I")\ X of the closed orbit corresponding to p(y). A formu-

lation of (2.2) similar to (2.3), but involving more than one root «, holds
when G has arbitrary real rank (see [GW, §3.3]).

2.3.5. Anosov representations for general Gromov-hyperbolic groups. The def-
inition of Anosov representation has been extended in [GW] to any Gromov-
hyperbolic group I'p: by [Gr, M], there is a natural action of the group
g x R x (Z/27) on some proper hyperbolic metric space To (the flow space,

replacing M = T*(N) in the situation above) such that

e the action of Ty x (Z/2Z) on Iy is isometric;

e cvery orbit map I'g — fo is a quasi-isometry; in particular, O,oI'g =~
aoofO;

e the action of R on fo is free, and every orbit map R — fo is a
quasi-isometric embedding; the induced map fo /R — (8mf0)(2) is a
homeomorphism.

A representation p: I'g — G is said to be P-Anosov if there exists a contin-
uous, p-equivariant, R-invariant map o : fg — G/M A and, for any continu-
ous, p-equivariant family (| - [l ),;,cp, of norms on Tg () (G/MA), constants

¢,C > 0 such that (2.2) holds for all 7 € Ty and all (w, t) in éa;(m) x RT or
ga_(m) x R™. As above, this is equivalent to the existence of ¢,C > 0 such

that (2.3) holds for all (i, t) € Ty x R..

2.4. Proof of Lemma 2.3. The implication (i) = (i7) is immediate: if ' is
convex cocompact, then it acts cocompactly on Conv(Ap) C X, hence it is
finitely generated and any orbit map I' — X is a quasi-isometric embedding.
On the other hand, any orbit map G — X is a quasi-isometry since K is
compact.

To establish (i7) = (7), it is sufficient to see that if I" is finitely generated
and quasi-isometrically embedded in G, then for any = € X the set FT of
Definition 2.1.(2) is contained in a uniform neighborhood of the I'-orbit of z.
Choose a finite generating subset S of I' and let

r = max dx(x,s-z) > 0.
ses

Quasi-isometricity implies the existence of constants ¢, C > 0 such that for
any 7,7 € I, there is a (¢, C')-quasi-geodesic G, from 7 -z to 4" - & which
is a concatenation of geodesic segments of length < r with endpoints in I'- z.
Since X is Gromov-hyperbolic, there is a constant R > 0 (depending only
on (¢,C) and on the hyperbolicity constant of X) such that any point of
the geodesic segment [y - x,~" - z] lies at distance < R from G, ./, hence at
distance < R+ r from I' - z. Since Ar is the set of accumulation points of
I' -z, we obtain that FT remains at distance < R + r from ' - z by taking a
limit.
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FiGURE 1. If T" is quasi-isometrically embedded in G, then
all geodesics of X with both endpoints in the limit set Ar are
contained in some uniform neighborhood of I' - z.

For (ii) = (i4i), note that if the natural inclusion of I in G is a quasi-
isometric embedding, then so is any orbit map I' — X by compactness
of K. In particular, I" is Gromov-hyperbolic and any orbit map induces a
continuous, injective, I'-equivariant map & : O’ = 050X = G/P.

To establish (iii) = (iv), we can use the natural homeomorphisms r /R ~
(05cT)? and (G/P)?) ~ G/M A from Sections 2.2 and 2.3 to obtain, from ¢,
a continuous, I'-equivariant, R-invariant map

o:T — G/MA.

Let o/ : T — G /M be a continuous, I-equivariant lift of o. By Section 2.3,
it is sufficient to prove the existence of constants ¢, C' > 0 such that (2.3)
holds for all 7 € T and ¢ > 0. This follows from the compactness of F\f:
see [GW, Th.4.11] for details in the case that I' is Zariski-dense in G. (We
can reduce to the Zariski-dense case by using the general fact |[Bo| that a
Zariski-closed subgroup of G is either reductive or contained in a proper
parabolic subgroup of G.)

The implication (iv) = (éi) is true when G has arbitrary real rank; we
explain it for rankg(G) = 1. (The general proof is similar, using a version
of (2.3) involving more than one root «.) Recall from Section 2.3 that if
(iv) holds, then there exist a continuous, I'-equivariant, R-invariant map
o : T — G/MA and, for any continuous, M-equivariant lift o/ : I' — G/M
of o, constants ¢,C’ > 0 such that (2.3) holds for all /2 € T' and ¢ > 0.
The condition (2.3) implies that the restriction of ¢’ to any periodic R-orbit
is a (¢, C")-quasi-isometric embedding, for some C’ > 0 independent of the
R-orbit. On the other hand, the hyperbolicity of r implies the existence of
a constant R > 0 with the following property: for any y,y’ € f, there exist
2,2 € T such that z and 2/ belong to the same R-orbit and the distances in r
between y and z, and between ¢y’ and 2/, are < R. Therefore, o’ : -G /M
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is a quasi-isometric embedding. Since M is compact, I' is quasi-isometrically
embedded in G.

3. GENERALIZATIONS OF CONVEX COCOMPACTNESS TO HIGHER RANK

We now allow the semisimple group G to have arbitrary real rank. Let G
(resp. G2) be the product of the simple factors of G of real rank 1 (resp. of
real rank > 2). (Products are in fact almost products, but this is not very
important.) The Riemannian symmetric space X = G/K is the product of
the Riemannian symmetric spaces X; of G1 and X of Gb.

Fix a discrete subgroup I' of G. If H is the Zariski-closure of I' in G and
R(H) its radical, then the group H/R(H) is semisimple and the image of T’
in H/R(H) is discrete (see |R, Cor.8.27|). We may therefore restrict to the
case where I' is Zariski-dense in G, up to replacing G with a smaller group.

3.1. Generalization of (1). In answer to a question of Corlette from 1994,
Kleiner and Leeb proved that in higher real rank, Definition 2.1.(1) for convex
cocompactness does not give any interesting example of discrete groups apart
from products of uniform lattices and convex cocompact subgroups of rank-
one factors.

Theorem 3.1 (Kleiner-Leeb [KL2|). Let C # 0 be a I'-invariant, closed,
conver subset of X with T\C compact. If T is Zariski-dense in G, then C =
C1 x Xg for some I'-invariant, closed, convex subset C1 of X1; in particular,
T" is a product of convex cocompact subgroups of the rank-1 factors of G1 and
of a uniform lattice of Gs.

The proof easily reduces to the case that G is simple of real rank > 2.
In this case, Kleiner and Leeb use results from [Be| and [KL1| to prove
that the geometric boundary of C is a top-dimensional subbuilding of the
spherical building at infinity (Tits boundary) of X, which is a closed subset
with respect to the topology of the visual boundary of X. The main step
in [KL2] is then to show that any such subbuilding is either equal to the
full visual boundary of X or contained in the visual boundary of a proper
symmetric subspace of X. This last possibility is ruled out by the Zariski-
density assumption on I', and so C = X.

On the other hand, Quint |Q] investigated generalizations of the definitions
(2) and (3) of convex cocompactness from Section 2.1. Before we explain his
work, we recall interpretations of the homogeneous spaces G/P, G/M A, and
G/M in arbitrary real rank.

3.2. The homogeneous spaces G/P, G/MA, and G/M. In real rank 1,
the homogeneous space G/P identifies with the visual boundary of X =
G /K, namely with the set of equivalence classes of geodesic rays of X for
the relation “to be at finite Hausdorff distance”. In higher real rank, the visual
boundary of X is more complicated; its regular part contains infinitely many
copies of G/P. However, we can see G/P as the Furstenberg boundary of X,
which is the set of equivalence classes of Weyl chambers of X for the relation
“to be at finite Hausdorff distance”.

Recall that a mazimal flat of X is a flat, totally geodesic subspace of X
that is maximal for inclusion. For instance, the A-orbit of the origin zq :=
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eK € G/K = X is a maximal flat Fj, and the other maximal flats are the G-
translates of Fy; they are all isometric to R™ where n = rankg(G) = dim A.
Let A+ be the closed positive Weyl chamber of A corresponding to our choice
of positive restricted root system: by definition, AT is the subset of A on
which all positive restricted roots take values > 1. A Weyl chamber of X is
a G-translate of A+ - zq C X. The Weyl group

W := Nc(A)/Zq(A) = Na(A)/MA

(where Ng(A) denotes the normalizer of A in G) naturally acts on A; this
induces a faithful action of W on Fy = A - zg, which is generated by the
orthogonal reflections along some hyperplanes Hi,...,H, of Fy bounding
the Weyl chamber AT - zg.

Ho Ho

FIGURE 2. Weyl chambers in a maximal flat of X for G =
SL3(R) (type A2) and for G = Sp4(R) (type Cs).

As in Section 2.2, the homogeneous space G /M A identifies with the unique
open G-orbit O in G/P x G/P. (In higher rank there are more than two G-
orbits.) Pairs of elements of G/P that belong to O are said to be in general
position.

Example 3.2. For G = SL,,1;(R), the space G/P identifies with the set of
maximal flags (V4 C --- C V) of R""! and the open G-orbit O is the set of
pairs of maximal flags

such that V; ® V,/,,_;, = R"*! for all 1 < < n. For any (£,n) € O we can
find a basis (eq, ..., e,p1) of R that is adapted to (£,7), in the sense that

& = (<61> C (e1,e2) C--- C <61,...,6n>),
n = ((en+1> C (en,ny1) C - C (62,...,6n+1>).

e We shall identify G /P with the set of equivalence classes of Weyl chambers
of X by mapping gP € G/P to g - {J for all g € G, where & is the class of
the Weyl chamber Atz C Fo. (The stabilizer of E(J)r inGis P.)

e We shall identify G/M A with the open G-orbit O C G/P x G/P by
mapping gMA € G/MA to g- (§5,&;) for all g € G, where & is the class
of the Weyl chamber (A*)~! -2y C Fy. (The element &, has stabilizer P~
in G, hence (£7,&;) has stabilizer PN P~ = MA.)
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e The set G/M A surjects G-equivariantly onto the set of maximal flats of X
by mapping (far, &y ) to Fo. The fiber is the Weyl group W, acting on Fy =
A -z as above.

(3.1) G/MA — O ey {maximal flats of X}
gMA  — g (&.&) 9-Fo

We shall also consider the homogeneous space G/M, which identifies with
the actual set of Weyl chambers of X (not modulo equivalence) with the
natural action of G. When rankg(G) = 1, a Weyl chamber is a geodesic ray,
hence is determined by its endpoint in X and its direction at the endpoint:
in this case, G/M identifies with the unit tangent bundle T!(X). When
rankg (G) > 2, the space T!(X) has larger dimension than G/M:

dim(7TH(X)) = 2dim(X) -1 = 2dim(a) 4 2dim(n) — 1,
dim(G/M) = dim(G)—dim(M) = dim(a) 4+ 2dim(n),

where the right-hand equality in the first (resp. second) line follows from the
Iwasawa decomposition g = £ + a + n (resp. from (1.1)). As in Section 2.3,
the group A acts on G/M by right multiplication. When rankg(G) =1 (i.e.
dim(A) = 1), this is the geodesic flow on T*(X). In general, the right action
of Aon G/M (or on I'\G/M) is called the Weyl chamber flow.

3.3. Generalization of (2) and (3). Suppose that I" is Zariski-dense in G.
By work of Benoist [Be|, when rankg (G) > 2 there still exists (as in the classi-
cal situation where rankg(G) = 1) a smallest, nonempty, closed, I'-invariant
subset Ar of G/ P, called the limit set of T". Explicitly, Ar is the set of points
¢ € G/P such that some sequence (v,)nen of elements of I' “contracts G/ P
towards £”, in the sense that the push-forward by =, of the K-invariant prob-
ability measure v on G/P ~ K/M converges weakly to the Dirac mass in £
(i.e. v(y;1-U) — 1 for any open subset U of G/ P containing ). Limit sets in
higher real rank were first introduced by Guivarc’h |Gh| for G = SLy,4+1(R).

Let AT be the interior of AT in A (open positive Weyl chamber). An
element g € G is said to be prozimal if it is conjugate to an element of M A™.
In this case, it has a unique attracting fixed point 5; and a unique repelling
fixed point §; in G / P; these two points are in general position.

Benoist proved that the limit set Ar is in fact the closure in G/P of the
set of fixed points £ for proximal v € T' [Be, Lem. 3.6.(iii)]. Moreover, the
set (Ar x Ar) NG/MA is the closure in G/M A of the set of pairs (£7,&7)
for proximal v € I' [Be, Lem. 3.6.(iv)].

We shall consider the following generalization of Definition 2.1.(2) for con-
vex cocompactness:

(2) T acts cocompactly on Fr,

where we define FT be the union of all maximal flats of X which are images
of points of (Ar x Ar) N G/MA under (3.1). We shall also consider the
following generalization of Definition 2.1.(3) for convex cocompactness:

(3) the intersection of the a*-conservative and (—a™)-conservative sets
of the Weyl chamber flow on I'\G/M is compact.
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Here we set a™ = log AT C a and use the following terminology (where |- || is
any fixed norm on a).

Definition 3.3. Let © be an open cone of a. A point z € T'\G/M is Q-
conservative if there exists a sequence (ap)nen of elements of A, tending to
infinity, such that (zap)nen is bounded in I'N\G/M and log(ay,)/| log(an)||
converges to a point of {2. The )-conservative set of the Weyl chamber flow
on I'\G/M is the closure of the set of {)-conservative points.

Quint established the following relations between the generalized defini-
tions (1), (2), (3) of convex cocompactness.

Lemma 3.4 (Quint |Q]). In any real rank,
(1) = (2) = (3).

He also proved that in higher real rank, the definitions (2) and (3) for
convex cocompactness do not give any interesting example of discrete groups
apart from products of uniform lattices and convex cocompact subgroups of
rank-one factors.

Theorem 3.5 (Quint |Q]). IfT is Zariski-dense and satisfies (2) or (3), then
I" is a product of convex cocompact subgroups of the rank-1 factors of G1 and
of a uniform lattice of Go; in particular, any nonempty, I'-invariant, closed,
conver subset C of X is of the form C = C1 x Xo for some I'-invariant closed
convex subset C1 of X7.

In the rest of these notes, we shall explain the essential ideas of the proof
of Lemma 3.4 and Theorem 3.5.

4. MAIN STEPS IN THE PROOF OF THEOREM 3.5

4.1. Proof of (2) < (3). Let Ef. be the (full) preimage of (ArNAr)NG/M A
in G/M, and let Er = '\E[. € '\G/M. In other words,
(4.1) Er ={TgM e \G/M : g-(&,&) € Ar x Ar} .

By construction, Er is closed and right- A-invariant. Note that the image of
Ef C G/M in X = G/K is Fr. Since the fiber K/M is compact, the com-
pactness of Er is equivalent to the cocompactness of the action of I' on Fr.

El Er
N N
G/M —— I'\G/M

N

G/MA X =G/K
U U
(ArNAp)NG/MA Fr

The equivalence (2) < (3) in Lemma 3.4 is an immediate consequence of
this observation and of the following lemma.
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Lemma 4.1 |Q, Cor.4.2|. In any real rank, Er is the intersection of the a™ -
conservative and (—a™)-conservative sets of the Weyl chamber flow on T\G /M.

Proof. Consider x =T'gM € I'\G/M.

If  is a*-conservative, then by definition there exist a sequence (a,,) € AV
going to infinity, a bounded sequence (k) € GV, and a sequence (,) € TV,
such that log(a,)/| log(ay,)|| converges to a point of a* and

gan = Yn kn
for all n € N. Up to passing to a subsequence, we may assume that k, — &
for some k € G. The subset Uy of G/P consisting of points that are in
general position with &; is open and dense in G/P. By Remark 4.2 below,
for any ¢ € G/P with k=1 - ¢ € Uy,
an:ganfi;lf — g'g(J]ra
n—+oo

and this convergence is uniform on compact sets. Therefore, if v is the K-
invariant probability measure on G/ P, we have v(vy,!-U) — 1 for any open
subset U of G/ P containing g-£;, which means by definition that g-&; € Ar.
Similarly, if z is (—a™)-conservative, then g - &, € Ar, hence x € Ep.

Conversely, suppose = € Er, ie. g- (&,&) € Ar x Ap. If g+ (&5.&,) =
(gr,f;) for some loxodromic element v € T', then g~'yg € Ma for some
a € AT. We have za™ = = xa™™" for all n, hence z is both a™-conservative

and (—a™)-conservative. In general, we use the density [Be, Lem. 3.6.(iv)| of
the set of pairs (£F,£7) in (Ar x Ar) NG/MA. O

In the proof we have used the following remark.

Remark 4.2. The subset Uy of G/ P consisting of points that are in general
position with &; is the P~-orbit of ;. It identifies with P~/(P N P~), or
equivalently with n~ endowed with an action of P~ whose restriction to M A
is the adjoint action (£ € Uy corresponds to 0 € n™). In particular, for any
sequence (a,,) € AN, if a(a,) — +oo for all positive restricted roots a, then
an - & — &J{ for all £ € Up, and the convergence is uniform on compact sets.

4.2. Strategy of proof of Theorem 3.5. Note that the Weyl group W =
Ng(A)/M A acts on G/M A by multiplication on the right.

Suppose that (2) and (3) are satisfied. Then the right- A-invariant set Er
is compact, hence any point of Fr is {)-conservative for any open cone )
of a. Taking Q = w - a™ for w ranging over W, applying Lemma 4.1, and
using (4.1), we obtain that Ar is W-stable, in the following sense.

Definition 4.3. A subset A of G/P is W-stable if (A x A)NG/M A is right-

W-invariant, which means that for any g € G such that g- (£5,6,) € A x A
we have gw - 5 € A for all w € W.

Theorem 3.5 therefore reduces to the following proposition.

Proposition 4.4 |Q, Prop.3.1|. The only closed, Zariski-dense, W -stable
subset A of G/P is G/P.

Quint first establishes Proposition 4.4 in the case that G is simple of real
rank 2, i.e. for restricted root systems of type Ay (e.g. G = SL3(R)), of type
By = (5 (e.g. G = Spy(R)), and of type G3. This relies on a combinatorial
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argument, which we give in Section 5 for G = SL3(R). He then reduces the
general case to the rank-2 case, as we explain for G = SL,(R) in Section 6.

5. PROOF OF PROPOSITION 4.4 FOR G = SL3(R)

In this section we take G = SL3(R) and see G/P as the set of pairs (p, ¢)
where p is a point of RP? and ¢ C RP? a projective line containing p.

Let A be a closed, Zariski-dense, W-stable subset of G/P. We denote by
A® (resp. A') the projection of A to the set of points (resp. projective lines)
of RP?; it is Zariski-dense in RIP? (resp. in the space of projective lines of
RP?) since A is Zariski-dense in G'/P.

For any projective line £ ¢ RP? and any point ¢ € RP? \ ¢, we call
projection from q onto £ the map from ]RIP’Q\{q} to £ that sends any projective
line through ¢ (minus {¢}) to its intersection point with .

5.1. Preliminary remarks. Before we prove Proposition 4.4, we make a
few useful observations leading to a reduction of the proposition.

(1) The W-stability of A means that the six flags determined by any pair of
elements of A all belong to A (see Figure 3).

41

lo

3

FIGURE 3. If (p1,¢1) and (p2,¥2) belong to the W-stable
set A, then so do (p1,£3), (p2,¢1), (p3,¢2), and (ps3,¥3).

In particular, for any ¢; # f5 in A the intersection £; N ¢5 belongs to A°,
for any p; # p2 in AY the projective line through p; and py belongs to Al
and the projection from a point ¢ € A? onto a line £ € A! disjoint from ¢
preserves AC.

(i) This implies that for any £ € A! the set £N A is Zariski-dense in ¢, and
for any p € A° the set of projective lines of A' through p is Zariski-dense in
the set of projective lines of RP? through p.

Indeed, for the first statement, fix £ € A and choose an arbitrary point
q € A° . By (i), the projection from ¢ onto ¢ maps the Zariski-dense
subset A~ {¢} of RP? to A°N¢. Therefore, A° N/ is Zariski-dense in £. The
second statement is similar.

(7i7) In order to establish Proposition 4.4 for G = SL3(R), it is sufficient to
prove the following.
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Claim 5.1. Any line ¢ € A' is contained in A°, and any projective line
through a point p € A° belongs to A'.

Indeed, consider (p,¢) € G/P. Since A is Zariski-dense in G/P, we can
find an element (p,¢') € A in general position with (p,¢). Claim 5.1 gives
successively that (¢/N¢") € A°, that £ € A!, and that p € A®. In other words,
there exist a projective line ¢; through p and a point py € ¢ such that (p, ¢;)
and (p2,?) belong to A. Then (p,¢) € A by (7).

5.2. Reduction to a rank-1 result. In order to prove Claim 5.1, we can
reduce to real rank 1 and use the following lemma.

Lemma 5.2 [Q, Prop. 2.1|. Suppose G has real rank 1 and let A be a Zariski-
dense subset of G/ P with the following property: for any & € A the group of
unipotent elements u € G such that u-§ =& and u- A = A acts transitively

on A~ {¢}. Then A=G/P.

Indeed, suppose that Lemma 5.2 is proved and consider £ € A! and p € .
By Lemma 5.2, in order to prove that p € A°, it is sufficient to see that the
set of projective transformations u of £ that preserve A°N¢ and admit p as a
unique fixed point, acts transitively on (A°N¢)~ {p}. (Such transformations
correspond to unipotent elements of the stabilizer of £, which is isomorphic
to SL2(R).) To see this, consider p; # pa in (A° N ¢) \ {p}.

e By (ii), there exist two distinct lines £1, fo € A' through p, different from /.
e By (ii) again, there exist p3 # p in £1 N A°. Let us denote by py (resp. ps)
the image of p; (resp. p2) under the projection from ps onto ¢5 (see Figure 4).
e By (i), the points ps and ps belong to A°.

e By (i) again, the projection proj,, ¢, from py onto ¢; preserves A%, and so
does the projection proj, , from ps onto . In particular, the map

= projpsl © projm,fl’

which preserves ¢, also preserves A° N /. It maps p; to po and admits p
as a unique fixed point. This completes the proof of Claim 5.1, hence of
Proposition 4.4 for G = SL3(R).

5.3. Proof of Lemma 5.2. We may assume that G is connected. Let S be
the stabilizer of A in G; it is a closed subgroup of G.
e S is Zariski-dense in G. Indeed, let H be the identity component (for
the real topology) of the Zariski closure of G. The flag variety of H is a
Zariski-closed subset of G/P; by assumption, it contains the Zariski-dense
set A, hence it is equal to G/P. This implies H = G.
e S is not discrete in G. Indeed, since A is infinite and G/P is compact,
A admits a nonisolated point n: there exists a sequence (1, )nen of pairwise
distinct points of A converging to n. By assumption, for any n there exists a
unipotent element w,, € S such that u, -£ = £ and u, -n = n,. The sequence
(un)nen converges to 1, hence S is not discrete.

This implies that S = G (a Zariski-dense subgroup of a connected semisim-
ple Lie group is either discrete or dense), and so A = G/P.
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4

F1GURE 4. Construction of a unipotent transformation .

6. REDUCING TO RANK-2 GROUPS IN PROPOSITION 4.4

To simplify notation and make the proof more concrete, we suppose that
G = SL,+1(R), that A is the subgroup of diagonal matrices with positive
entries, and that P is the group of upper triangular matrices (Example 1.1).
The space G/ P identifies with the set of maximal flags

(Vlccvn)

of R"*! (Example 3.2). Let a; = &; — €;41, for 1 < i < n, be the stan-
dard simple roots of A in GG. For any i, let P; be the parabolic subgroup
of G associated with {a;}, consisting of upper triangular block matrices with
square diagonal blocks of size 1,...,1,2,1,...,1, where 2 is the i-th entry.
For ¢ =g & € G/P, we set

Pf =gPyg L

Let A be a closed, Zariski-dense, W-stable subset of G/P. To show that
A = G/P, we first note that for any &, n € G/P in general position, there is
a finite sequence

§=81,8, ..., &r1=1

of elements of G/P such that for any 1 < j < k we have {41 € Pij -&; for
some 1 <i; < n. Indeed, write the longest element

wo:(1,...,n+1)— (n+1,...,1)
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of the Weyl group W ~ &,,41 as a product 7y ...7; of transpositions 7; :
(ij,i5 + 1) = (i + 1,45); if (§,m) = g~ (§5,& ), then we may take

Eja1:=gT1 .. Ty - &g
for all j. By induction, it is sufficient to prove that if §; € A, then ;41 € A.
Let us prove a stronger statement, namely that for any & € A and any
1 <i<n-—1we have Qf <& C A, where Qf is the parabolic subgroup of G
generated by Pf and PﬁH. To simplify notation, we assume that & = EJ

+
(the proof for general ¢ is similar). The group Q; := Qfo admits a Levi
decomposition

Qi = Z; S; x Radyy,

where Rady; C N is the unipotent radical of Q; (i.e. the largest connected
normal unipotent subgroup), Z; C A is the center of ); (consisting of diago-
nal matrices whose i-th, (¢ +1)-th, and (i +2)-th entries are equal), and S; is
a semisimple Lie group (isomorphic to SL3(R)). The orbit Q; - & identifies
with Q;/(P N Q;) and, seen as an S;-homogeneous space, with .S;/(P N S;),
which is the flag variety of S; ~ SL3(R).

qi

tady,;

5

3i

In order to prove that Q); - far C A, assuming 55{ € A, it is enough (by the
rank-2 case of Proposition 4.4 treated in Section 5) to prove the following.

Claim 6.1. The set AN (Q; -E(T), seen as a subset of the flag variety of S;,
is closed, Zariski-dense, and stable under the Weyl group of S;.

Proof. Let pry : G/MA~ O C G/P x G/P — G/P be the projection onto
the first factor and let w; € W ~ &,,41 be the transposition (i,i + 2) —
(i +2,4). Recall that the Weyl group W = Ng(A)/M A acts on G/M A on
the right. For any £ € G/ P, let Ug be the (Zariski-dense) set of elements of

G/ P that are in general position with €. We define a map Wf :Ug — G/P by

(6.1) w5 (n) = pri((§m) - wi)

for all ) € Ug. Concretely, if (e1, ..., en41) is a basis of R"*! adapted to (£, 7)
(see Example 3.2), then

(6.2) ) =MVc--cViqacV/cVi,CVipC---CV)

1

where £ = (V, C --- CV,,) and
(63) V;/ =Vii1+ R€i+27 Vl—&-l =Vi_1+ Rei_H 4+ Re;jto.

)
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We now restrict to & € Q;-&; . From (6.2) and (6.3) we see that the set 7T§ (Ue)
is contained in Qf =0y 53 , and in fact identifies with the set of elements
of S;/(PNS;) that are in general position with the image of &; in particular,
ﬂ'f(Z/{E) is Zariski-dense in Q; - &5 ~ S;/(P N S;). From (6.1) we see that:

f is an algebraic homomorphism; in particular, since A N U is

Zariski-dense in Ug, the set 7r§(A N Ug) is Zariski-dense in ﬁf(Ug),
hence in Q); - SJ;
o if { € A, then Wf(A NU) C A since A is W-stable.
Therefore, the set AN (Q; - fsr ) is Zariski-dense in Q); - far . Let us prove that
it is Wj-stable as a subset of S;/(P N S;), where

Wi = Ng,(ANS;)/Zs,(ANS;)

is the Weyl group of S;, which embeds in W as the subgroup generated by
the transpositions (i,i 4+ 1) — (i + 1,4) and (i + 1,7+ 2) — (i + 2,7+ 1).
From (6.1) and the W-stability of A we see that for any &€ € AN(Q;- &) and
any n € ANUg we have ({,ﬂf(n)) ~w) € A x A for all w] € W;. Therefore,

it is sufficient to prove that for any pair (¢, () of points of AN (Q; - &) that

are in general position in @; - & ~ S;/(P N S;), we can write ( = 7T§(T]) for

some 7 € ANUe. Fix such a pair (£, () and consider a point 7 € ANU: NU;
then we may take n:= 7] _.({). O

n—1i

o T

7. PROOF OF (1) = (2) IN LEMMA 3.4
In order to prove that (1) implies (2), it is sufficient to check the following.

Lemma 7.1 [Q, Lem.5.4]|. The set Fr is contained in any nonempty, I'-
invariant, closed, convex subset C of X = G/K.

Recall from Section 3.3 that Fr is the set of maximal flats of X correspond-
ing to elements of (Ar x Ar) NG/M A under (3.1). For (¢,n) € G/MA, we
shall denote by F(§,n) the corresponding maximal flat of X.

Recall that any element of G admits a Jordan decomposition: g = gngegu
for some unique commuting elements gy, ge, g, € G with gp, hyperbolic (i.e.
conjugate to an element a4, € AT), with g, elliptic (i.e. conjugate to an ele-
ment of M), and with g, unipotent. We denote by A : G — a* :=log A+ the
Lyapunov projection of G, defined by A(g) = loga, for all g. By definition,
the limit cone Lr is the smallest closed cone of at containing A(I'). Benoist
[Be] proved that if I" is Zariski-dense in G, then Lr is convex with nonempty
interior.

Sketch of proof of Lemma 7.1. The set of pairs (ﬁj, 5;) for loxodromic v € T’
is dense in (Ar x Ar) NG/M A |Be, Lem. 3.6.(iv)|. Therefore, by convexity
of C, it is sufficient to prove that F(£F,£7) C C for any loxodromic v € T.
This is done in four steps:
(a) The flat F(&F, &) meets C. Indeed, for any point x € C, the geodesic
segments [y - x,y " - x|, for n € N, are contained in C and converge

(up to passing to a subsequence) to a geodesic line in F (5;r ,€5)NC
(see [Q, Lem. 5.2|).
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) By [Be, Lem. 4.2 bis|, for any v € Lr with ||v|| = 1 there is a sequence
(Yn)nen of loxodromic elements of " such that A(v,)/[|A(v)|| — v

and (&,&) — (&5,€).

(c) This implies that for any v € Lr with |[v]] = 1, the set F(&,£7)NC

contains a geodesic of direction v (after identification of F(£F,€7)
with Fg, hence with a, which is well-defined up to the action of the
Weyl group W). Indeed, fix z € F(&F,£7)NC. For any n € N, there
is a geodesic of direction A(y;,) in F (f,jn , §;n) NC whose distance to x
is bounded independently of n (see |Q, Lem.5.2]). Up to passing to
a subsequence, these lines converge to a geodesic of direction v in

F(E,&)nc.

(d) The limit cone L£r has nonempty interior [Be, Th.1.2|. By (c), the

[Be]

[Bol

[Gr]
[Gd]
[GW]
[Gh]
[KL1]
[KL2|
L]

[M]
Q]

[R]

set F (f;r ;&) N C contains lines whose directions form a cone with
nonempty interior. This implies F ({;r ;&) C C by convexity of C. [
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