LECTURE NOTES FOR CONVEX REAL PROJECTIVE
STRUCTURES

QIONGLING LI

INTRODUCTION

This short note consists of two parts.

Part I is to introduce the convex RPZ2-structures on a compact surface
and to explain that the deformation space of such structures on a closed
surface S of genus g > 1 form a moduli space B(S) homeomorphic to an
open cell of dimension 16(g — 1). This work is done by Choi and Goldman.

Part II is to explain the correspondence between the deformation space
B(S) and the space of pairs (3, U), where X is a Riemann surface varying
in Teichmiiller space and U is a cubic differential on 3. Teichmiiller space
T(S) embeds inside B(.S) as the locus of pairs (X, 0), where ¥ is a Riemann
surface varying in Teichmiiller space. This work is independently done by
Labourie and Loftin.

Part I: Deformation space of convex RP?-structures
1. CONVEX RP?-STRUCTURES

Definition 1. An RP?-structure on a smooth 2-manifold M is a system of
coordinate charts {(Uy, ¢o)} satisfying

(i) {Ua} is an open cover of M;

(ii) ¥q : Uy — RP? is a diffeomorphism onto its image;

(iii) 1 0 o' € PGL(3,R).

A manifold with an RP?-structure is called an RP2-maniflod.
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Definition 2. An RPQ:\s/tructure on M is called convex if its developing map
is a diffeomorphism of M onto a convex domain {2 in some affine R? ¢ RP?.
In this case, we can realize M = Q/I', where I" is a subgroup of PGL(3,R)
which acts discretely and properly discontinuous on {2.

Fact. Let M = Q/T be a closed surface with a convex RP?-structure. Sup-
pose that x(M) < 0. Then the following hold.

(1) Q € RP? is a strictly convex domain with C' boundary and therefore
contains no affine line.

(2) Either OS) is a conic in RP? or in not C1T¢ for some 0 < e < 1.

(3) The attracting and repelling fized points of elements of I' form a dense
subset of 0). Furthermore given any pair (z,y) € 02 x L), there exists a
sequence v, € I' such that Fizy(v,) — x, and Fix_(y,) — y.

Let S denote a compact surface.

Definition 3. RP?(S) := {(f,M)|f : S — M is a diffeomorphism and M
is an RP2%-manifold}/ , where (f, M) (f', M') if there exists a projective
isomorphism h : M — M’ such that ho f is isotopic to f’.

B(S) denotes the subset of RP2(S) corresponding to convex R P2-structures.

Fact. (1) The set of equivalent classes RP?(S) have a natural topology mak-
ing it locally equivalent to Hom(w, PGL(3,R))/PGL(3,R), i.e., there exists
a holonomy map hol : RP%*(S) — Hom(w, PGL(3,R))/PGL(3,R) which is
a local diffeomorphism.

(2) B(S) is open in RP?(S).

Excercise 1. Show the following.
(1) RP?(S) is a Hausdorff real analytic manifold of dimension —8x(S);
(2) The restriction of hol : RP%(S) — Hom(m, SL(3,R))/SL(3,R) to B(S) is
an embedding of B(S) onto a Hausdorff real analytic manifold of dimension
—8x(5).

Our main goal to show the following theorem.

MainTheorem. (Goldman [3]) Let S be a compact surface having a bound-
ary components such that x(S) < 0. Then B(S) is diffeomorphic to a celll of
dimension —8x(S) and the map which associates to a convex RP%-structures
neaat OM is a fibration of B(S) over an open 2n-cell with fiber an open cell
of dimension —8x(S) — 2n.

Corollary 1.1. Let S be a closed orientable surface of genus g > 1. Then
B(S) is diffeomorphic to an open celll of dimension 16(g — 1).

To prove the above main theorem, we cut a surface into pair-of-pants as
what we did in Teichmueller theory. We first try to understand the simplest
case when where S is a pair-of-pants. Then if we know how to assemble the
convex RPZ%-structures on pair-of-pants together, especially if the convex
property is preserved (which is indeed true), we are almost done.
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2. CONVEX RP2-STRUCTURES ON A PAIR-OF-PANTS

In this section, we prove Theorem 1 in the case where S is a pair-of-pants
with A, B, C three components.

Theorem 2.1. The deformation space B(S) of conver RP?-structures on S
is an open 8-dimension cell.

Sketch of Proof.

Suppose that A € SL(3,R). We define A(A) to be the real eigenvalue of
A € SL(3,R) having the smallest absolute value and 7(A) € R as the sum
of the other two (possibly unreal) eigenvalues. We can show that the pair
(AM(A),7(A)) is a complete invariant of the SL(3,R)-conjugacy class of the
boundary A. Such pairs form a 2-cell.

Denote O as the space of SL(3,R)-conjugation classes of the set of all
(Do, DNay Dy, Ay A, B, C) satisfying conditions described in following pic-
ture.

CBA=1I
the union A;UA, UA, UA_ is a convex hexagon;

The reason we consider O instead of B(S) is because:
(1) O is computable and,
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(2) Each RP2-structure corresponding to a point in O is convex, i.e.,0 =
B(S). (the claim needs more proof.)
Now it is sufficient to show the map 0yg : B(S) — B(0S) obtained by asso-
ciating to a convex structure the boundary invariants (A, 7) 4, (A, 7) B, (A, 7))
is a fibration over an open 6-cell with fiber a 2-dimensional open cell.
Since O considers the conjugation class under SL(3,R), then we can con-
sider the set (Ao, Ag, Ay, A¢) as following picture parametrized by (b1, ¢1, ag, b, as, b3).
Note this set is not fixed under diagonal matrices diag(\, u, v) with Aur = 1.
So actually we have 4 dimensional parameters for the conjugation clases
(Do, Dgy Dy Ae).

Here A is parametrized by new parameters (aq, 51,71), written as

1 0
A:a,-[o]-u a, 0]+ﬂl{l][0 ~1 0]
0 0

a,

+7,0| b3 [0 ¢, 1]
-1

a; @ ad,+7,a5 7’1“3]

0 —B,+rbye, b
0 76 -7

Here B is parametrized by new parameters (aq, B2,72), written as
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-1 0
B=a2~[b,]~[l 0 a3]+,82-[(l)]-[0 N

€

0
+y2-[0] 0 0 -1
I

—a, 0 —0,0,
= |ab, B, Byby+ajasb, |,
a,ep 0 =y, 4 aya,c,

Here C is parametrized by new parameters (s, 83,73), written as
1 a,
C=a; |0] [-1 0 O]+, |-1|-[o, 1 0]
0 ¢

0
+ 7y [O] “[e, 0 1]
1

—ay + fya,b,  fia, 0]

_ﬁBbI _ﬂ.'i 0

N+ Bybiey By, 1

From det(A) = det(B) = det(C) = 1, we obtain that
a B\vy =By, = ayfyyy =1

From CBA =1, we obtain that

ajay0y = BBy Sy =y 00 = 1.

The above six equations actually can be reduced to 5 restrictions. Hence
considering (A, B,C) gives us 9-5=4 more parameters. Hence we can see
dim(0) =4+4=38.

We are not finished since we need to know O is a cell. Actually, if we are
careful, we may be able to choose two more right parameters (s, t) valued in
R4 besides the boundary invariants ((\,7)a, (A, 7)B, (A, 7)c), then we are
done.

3. ASSEMBLING CONVEX RP2-STRUCTURES

The proof is based on the Fenchel-Nilsen coordinate system on Teich-
mueller space. The proof of Main Theorem is based on the following two
lemmas,

Lemma 3.1. (Gluing Convex RP?-manifolds) Let My be a compact
convex RP%-manifold with principal boundary, and suppose that by,by C
OMy are boundary components with collar neighborhoods b; C N(b;) C
My(i = 1,2). Suppose that f: N(b1) — N(ba) is a projective isomorphism.
Then the RP%-manifold My/f obtained by identification by f : N(by) —
N (by) is a convex RP?-manifold.
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COI‘IVEX : ‘

; { ﬁN&)——aM%

»~2> an involution:N(b)->N(b]

/\/\,,/)c =

Still Convex! N(b)=N(bI\U N“a;.) \

From the above lemma, we know that gluing convex RP?-structures along
a geodesic curve C' only depends on the projective isomorphism f on the
neighborhood of C'. Then conversely we actually know how much informa-
tion we lose if we cut a convex RP?-structure along a geodesic curve, which
is stated in the following lemma.

Lemma 3.2. (Gut Convex RP?-manifolds) Suppose that C C S is a
two-sided simple closed curve such that each component of S|C has negative
FEuler characteristic. Let Ilc : B(S) — a subspace of B(S|C) be the map
which arises from splitting a conver RP?-structure on S along the closed
geodesic homotopic to C. Then Ilg is a fibration and each fiber of is an
open 2-cell.

Sketch of Lemma: Let by, by C 9(S|C) be the two boundary components
corresponding to C. We now define an R%-action ¥ on B(S) such that I
is a W-invariant fibration onto the subspace of B(S|C') defined by the condi-
tions (A, 7)p, = (A, 7)p, and W is simply transitive on each fiber of II¢. For
(u,v) € R? we construct a new convex RP?-manifold ¥, (M) representing
a point in RP?-manifold.

Consider the split RP2-manifold M|C; let b1,bs C O(M]|C) be the two
boundary components corresponding to C. For any (u,v) € R?, there exists
a principal collar neighborhoods N (b;) C M|C of b; for i = 1,2

B(S /N = '
cutii) "-C_g/ a N
veo [ 850 = @3 ——)

action b Vb
glue by %
by |f(u,v) m”ibyﬂ““) N
u,v

B(S) Wi (an): ' T 2)

_‘.f 'r
“l b N'(b) twisted by f(u,v)
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e 0 0 e’V 0 0
LetT*=| 0 1 0|, U= 0 €e* 0 |, whereu,v € R. Let
0 0 e“ 0 0 e

f(u,v) : N(by) — N(b2) be a projective isomorphism such that f(u,v) is
induced by T"U"” on the developing image in RP%. As in Gluing Lemma,
there is a corresponding convex RP%manifold (M|C)/f(u,v) representing
a point W, .)(M) in B(S). This action generalizes the Fenchel-Nilsen twist
flows on the Teichmueller space.

MainTheorem. (Goldman [3]) Let S be a compact surface having a bound-
ary components such that x(S) < 0. Then B(S) is diffeomorphic to a celll of
dimension —8x(S) and the map which associates to a conver RP?-structures
neaat OM is a fibration of B(S) over an open 2n-cell with fiber an open cell
of dimension —8x(S) — 2n.

4. HircHIN COMPONENT
Hitchin shows that Hom(mw, SL(3,R))/SL(3,R) has exactly three con-

nected components:

1. Cy, the component containing the class of the trivial representation;

2. Cy, the component consisting of classes of representatons which do not
lift to the double covering of PGL(3,R);

3. Ca, the component containing faithful representations into SO(2,1).

In particaular, the component Cs contais the Teichmueller space of S.
From our exercise, we know the holonomy map hol maps B(.S) bijectively
onto an open subset in Cy. Furthermore, Hitchin shows that Cy is homeomor-
phic to R8¢~ This naturally let Hitchin to conjecture that Cy = B(S).

Theorem 4.1. (Choi and Goldman [2]) B(S) is closed in Ca. Hence Co =
B(S).

Part II: Correspondence of B(S) and spaces of pairs (3,U)

From now on, let S and M be a closed orientable surface of genus g. Our
goal is to show the following theorem.

MainTheorem. (Loftin [5], Labourie [4]) There exists a natural bijective
correspondence betwen convexr RP2-structures on S and pairs (3,U), where
Y. is a Riemann surface homeomorphic to S, and U is a holomorphic cubic
differential on X.

Benoist and Hulin in [I] generalize the above result to the case when S is
not necessarily closed stated as follows.

Theorem 4.2. (Theorem 1.1 in [1]) Let S be an oriented surface with non-
abelian fundamental group. The map A — (J,U) is a bijection between:

1. the set of properly convex projective structures A on s with finite Finster
volume;

2. the set of hyperbolic Riemann surface structures J on S with finite volume
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together with a holomorphic cubic differential U on (S, J) with poles of order
at most 2 at the cusps.

5. HYPERBOLIC AFFINE SPHERE

This section is mainly copied from Loftin [5].
Consider a hypersurface immersion f : H — R3, and consider a transversal
vector field £ on the hypersurface H. We have the equations:

DXf*(Y) = f*(VXY)+h(X7Y)§
Dx{ = —f(SX)+B(X)E.

Here, X and Y are tangent vectors on H, the operator D is the canonical
flat connection induced from R3, the operator V is a torsion-free connec-
tion, the form h is a symmetric bilinear form on 7,(H), the map S is an
endormorphism of T, (M), and S is a one-form.

For the case the hypersurface H is strictly convex and £ is the affine
normal (see definiton in page 8 in [5]), the structure equations for H become

DXf*(Y) = f*(vXY)+g(X7Y)§
Dx¢ = —f(SX).

The connection V is callled the Blaschke connection. The bilinear form h is
called the affine metric (since H is strictly convex)and the endormorphism
S is called the affine shape operator.

Definition 4. An affine sphere is a hypersurface H in R3 all of whose affine
normals point toward a given point in RP?, the center of the affine sphere, in
this case S = LI, where the affine mean curvature L is a constant function
on H and [ is the identity map. If the center lies on the concave side of H, it
is called a hyperbolic affine sphere, corresponding to the case L is negative.

Thus by scaling, we can normalize any hyperbolic affine sphere to have
L = —1. Also, we can translate so that the center is 0. Then the affine
normal ¢ = f, where f is the embedding of H into R3. The structure
equations then become

DXf*(Y) - f*(vXY)+g(X7Y)f
DXf = f*(X)
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Proposition 5.1. Consider a convez, bounded domain Q C R?, where R? is
embedded in R® as the affine space x3 = 1. Then, there is a unique properly
embedded hyperbolic affne sphere H C R® of affine mean curvatuer -1 and
center 0 asymptotic to the boundary of the cone C(2) C R3.

Proposition 5.2. Each conver RP?-structure on M corresponds to an
affine sphere structure on M (i.e., M can be realized as a quotient of a byper-
bolic affine sphere with center 0 and affine mean curvature -1 in the cone
C.) vice versa.

Now we make use of the affine sphere structures to get the correspon-
dence.

6. HOW TO GET A HOLOMORPHIC CUBIC DIFFERENTIAL

This section is mainly copied from Loftin [6].
To get a holomorphic cubic differential from this construction, we begin
to work with complexified tangent vectors, and we extend V,h and D by
complex linearity. Consider a local conformal coordinate z = x + iy on the
hyperbolic affine sphere with center the origin and affine curvature -1. Then
the affine metric is given by g = e¥|dz|? for some function 1. Parametrize
the surface by

(6.1) f:D—R3,

with D a domain in C. Then we have the following structure equations for
the affine sphere:

DxY = VxY+gX,)Y)f

Dxf = X
Here D is the canonical flat connection on R3, V is a projectively flat con-
nection, and g is the affine metric. Consider the complexified frame for the

tangent bundle to the surface given by {e; = f, = f*(%), e = fz= f*(%)}
Then we have

1

9o £2) = 9050 ) =0, g(J=, f2) = 5*.
Consider 5, f the matrix of connection one-forms for the Levi-Civita connec-
tion, Blaschke connection respectively. By the above equation,

by =61 =0, 0 =00, 67 =0y
The difference 6 — 6 is given by the Pick form J. We have
6] — 0] = Clp",

where {p! = dz, pT = dz} is the dual frame of one-forms. With the property
of the affine normal & such that det(f,, fz, &) = %ie‘b and the totally symme-

try of Cyjr in affine differential geometry ( where Cjj, = C’fjglk, i.e., lower
index), this determines 6:
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0i 01\ (o Chdz\ _( oy UeVdz
01 601)  \Chdx oy ) \UeVdz dy )’

where we define U = CJe?.
Recall that D is the canonical flat connection induced from R3. We get
the structure equations

fzz = 1/}sz + Ueiwfz
fz = Ue™Vf+ sz
fo = 5e'f

Then, these three equations form a linear first-order system of partial
differential equations in f, f,, fz, where we may write as

f 0o 1 0 f
% f-] = 0 (18 Ue™ I= |
fz z¢¥ 00 fz
f 0 0 1 f
ElL) =3 0 0L
Iz 0 Ue™? 9oz Iz

In order to have a solution of the system, the only condition is that mixed
partials must commute (by the Frobenius theorem). Thus we require the
two conditions

wzz"‘UUeiZw—%ed) = 0,
Uz = 0.

By the above argument, we actually construct a map from the space of
convex RP2-structures on S to the space of pairs (X,U). The converse
direction is mainly by showing the existence and uniqueness of solutions to
the above elliptic equation for a given pair (3,U). Combining these two
directions together, we obtain the following main theorem.

MainTheorem. (Loftin [5], Labourie [4]) Let S be a compact oriented sur-
face of genus g > 1. There exists a natural bijective correspondence betwen
convex RP?-structures on S and pairs (X,U), where . is a Riemann surface
homeomorphic to S, and U is a holomorphic cubic differential on .
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