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Abstract

We demonstrate the equality, for divisible convex domains, of the Holder regularity
of the boundary of the domain and the boundary of the dual domain.

0 Introduction

A convex open domain  in projective space P"(R) is called divisible if there exists a
subgroup of PGL,41(R) acting properly on the domain  with a compact quotient (this
terminology is due to Vey [12]).

Here, we are interested only in the case of Q being sharp (fr. saillant), which means
that there exists a hyperplane H of P*(R) such that H N = () and moreover the domain
Q) is strictly convex, i.e. for all hyperplanes H not intersecting €2, the closure 2 contains at
most one point of H. Such a domain € is called a strictly convex divisible domain. For an
introduction and most complete exposition of the properties of convex divisible domains,
see articles by Benoist [4, 5].

The first series of examples comes from convex projective structures on a compact surface
of genus ¢ greater than two (a manifold is called convex if each homotopy class with fixed
endpoints has at most one geodesic). The universal cover of a surface is then identified
with a strictly convex divisible domain in projective space (see Theorem 3 of [9]). The most
powerful description of projective surfaces is given by Goldman and Choi [8, 6].

Other examples are given by compact manifolds of constant curvature -1, in which case
the domain 2 in P™(R) is an ellipsoid, that is, the image in P"(R) of the future cone of the
quadratic form q of signature (1,7n), and the group I' is a cocompact subgroup of SO(q).
The deformations of the projective structure of the quotient manifold M = T'\Q provide
non-trivial examples of strictly convex divisible domains; see for example Corollary 2.10 of
[5] and Remark 1.3 of [2].

In general, the boundary 992 does not have the regularity of ellipsoids. However, it is
a-Holder for some number 1 < « < 2 (Proposition 4.6 of [5]). The supremum of these
numbers « is called the regularity of 2. However, agq is equal to 2 only when the domain 2
is an ellipsoid (Proposition 6.1 of [5]).

The point of this text is to demonstrate that for a strictly convex divisible domain €2 the
regularity of €2 and of the dual convex domain Q* coincide (Theorem 4), which responds to
a question posed in [5]. The key point is to demonstrate that this regularity can be found
using the eigenvalues of the elements of I' (Theorem 22).



1 Convex Divisible Domains

This section repeats the definition of convex divisible domains and those of their properties
that will be useful to us below and for the main theorem.
Denote by V' a real vector space of dimension n + 1.

Definition 1. Let © be a domain in P(V).
The domain €2 is called convex and divisible if it has the following properties:

1. Qs a convex (that is, the intersection of {2 with any projective line is connected) and
sharp.

2. There exists a discrete subgroup I' of PGL(V) leaving € invariant such that the quo-
tient I'\Q2 is compact.

Remarks

e Throughout this text, we are interested in only the convex divisible domains that are
furthermore strictly convex, i.e. any hyperplane H that does not intersect {2 intersects
Q in at most one point.

e Up to passing to a subgroup of finite index, the group I' can be assumed to be torsion-
free (it is a classic result that the group T is finitely generated because it is discrete and
acts cocompactly on 2. This allows the application of Selberg’s lemma to produce
a torsion-free subgroup of finite index [11]), and that the quotient M = T'\Q is a
compact manifold.

1.1 Dual Convex Domain

Definition 2. The dual 2* of € is:
QO ={[fleP(V*)| f(z) #0 for all [z] in O}
If the domain €2 is sharp, then the dual Q* is a non-empty convex domain.

Proposition 3. The following are equivalent:

1. Q is a strictly convex divisible domain.

2. QF is a strictly convex divisible domain.

Proof. By definition the domain €2 is sharp, so the dual Q* is non-empty and open. Fur-
thermore, it is clear that if the group I' leaves €2 invariant, then the group ‘I’ leaves Q*
invariant.

The equivalence between the compactness of I'\§2 and that of 'T'\Q* is shown by Lemma
2.8 of [5]. Thus, Q is divisible if and only if Q* is divisible.

Furthermore, a convex divisible domain €2 is strictly convex if and only if the group
I is Gromov hyperbolic (Proposition 2.5 and Fact 2.4 of [5]). This shows the equivalence
between the strict convexity of the convex divisible domain §2 and that of its dual. O

Since the domain Q* is strictly convex, the boundary 9Q* is of type C*.
A strictly convex divisible domain has maximal regularity agq, which we will define
precisely in Section 3. The main theorem that we would like to show is the following.



Theorem 4. Let ) be a strictly convex divisible domain in P(V), with the dual Q* also
strictly convexr and divisible by Proposition 3. The regularities of & and * are equal:

a0 = Q.

Theorem 33 will make this theorem more precise and complete, notably through the
fact that the limit regularity is attained and the results concerning the geodesic flow on the
quotient T\ 2.

2 Hilbert Distance

Based on the definition of distance in hyperbolic space H", the following distance is defined
on a convex domain £2:

do(z,y) =0 if v =y,

for z and y in 2, )
{dn(x,y) = |log(a,byz,y)| fz#y

Figure 1: The Hilbert metric

where a and b are the two points in the intersection of the projective line (z,y) with the
boundary 92 (Figure 1), and (a, b; x, y) designates the cross-ratio of the four points a, b, x, y:

r—ay—>

(a,b2,y) = by a

The function dg, satisfies the axioms of a distance.

This distance is a Finsler metric, defined by a continuous metric on the tangent fiber.
This distance has an associated geodesic flow, which is proven here to be Anosov (Section
4). The regularity of the geodesic flow and that of the boundary 99 are related, and we
leave precise comments concerning this for Section 4.

We repeat the formulas for the metric and the geodesic flow. Let H be a hyperplane
such that P(H) does not intersect 2, so that Q can be identified with a convex relatively
compact domain of H and the tangent bundle T2 with € x H.

Let w = (z,€) in T; there then exist two points in the boundary, p*(w) and p~(w),
and two strictly positive numbers o (w) and o~ (w), see Figure 2, such that

=0 W) (W) —a),
=0 (W)(z—p (W)

The expressions for the norm of w and the flow are then the following:

lwlle =0 (w) + 07 (w)



¢ ool ¢ ¢
cw=|lx .
ot(w)e' + o7 (w) 7 (ot (w)e! + 0~ (w))?
The group I' acts by isometries on (€, dg). In fact, the elements of I' leave invariant the
domain €2 and its boundary 92, and the projective transformations preserve the cross-ratio.

3 a-Holder Regularity and (-convexity

This section introduces the notions of a-Holder regularity and (-convexity, and gives a
characterization of -convexity for functions. We also recall results concerning the regularity
of the boundary of a strictly convex divisible domain.

4 o-Holder Regularity

Definition 5. Let M be a hypersurface of class C! in R™. M is called a-Hélder of class
C® for a real number a, 1 < a < 2, if for all compact K C € there exists a constant Cg
such that

d(z, TyM) < Crd(x,y)® for all x and y in K.

Remarks

e The distances considered here are given by the norm on R™, and the tangent space
Ty M is here implicitly considered an affine subspace of R™.

e In the case of the manifold M being the graph of a function f of class C!, this definition
is equivalent to (a-1)-Holder continuity of the derivative of f. The function f is also
called a-Hoélder.

Here, the boundary 0f) is naturally a hypersurface of a vector space, because the closure
of Q is included in an affine patch of P(V). We talk of the C“ regularity of 92, and the
definition does not depend on the affine patch considered (Hélder regularity is in fact a local

property).
We know that the boundary of strictly convex divisible domains is a-Holder.

Proposition 6. (Proposition 4.6 of [5]) Let Q2 be a strictly convex divisible domain in P(V).
There exists a real number a,1 < a < 2 for which the boundary 02 is of class C“.

We set
aq = sup{a < 2| 90 is of class C“}.

By the proposition, agq is strictly greater than one. One of the consequences of what we
show is that the boundary of € is ag-Holder, that is to say that the limit value is attained.
4.1 [(-convexity

Definition 7. Let M be a hypersurface of class C' of R". M is called 3-convex for some
real number § more than or equal to two if, for all compact K in D, there exists a strictly
positive constant C'x such that

d(z, T,M) > Cgd(x,y)? for all x and y in K.
Remarks

e Again, this definition applies to the boundary 0.



e If M is the graph of a C'' convex function f, 3-convexity of M is equivalent to (-
convexity of f (see Defiition 10).

We will now connect this to Holder regularity.

Lemma 8. Let Q be a strictly convex sharp domain P(V'), Q* its dual in P(V*), and o, 3
such that 1 < o <2 < 8 < 00, satisfying the equality

1 1
—+-=1
oz+6

Then the following are equivalent:
1. 09 is B-convex;
2. 00" is C“.
Proof. The proof uses the following two points:
e if O C Q, then Q* C Q%
e (FALSE - Look up counterexample.) the dual of the domain
0 = {[z,y,1] € PR?) | [yl > |2/}

QF = {[u, 1,v] € P(R?)") | [v] > [u]*}.

This lemma combines with Proposition 6 to give the following proposition.

Proposition 9. Let Q be a strictly convex divisible domain. Then there exists a real number
B > 2, for which 9S) is B-convex.

We define
Ba =inf{8 > 2| 0Q is [-convex}.

By Lemma 8 we then have the relation

1 1

b=
ag-  Bo

During the rest of this text, we will prefer 8-convexity. However, it is in terms of a-
Holder regularity of the boundary and the regularity of the geodesic flow that one should

think of the results (cf. Section 4 and Theorem 22). We will show the following, equivalent
to Theorem 4:

ﬂﬂ :5;2’

where (2 is a strictly convex divisible domain and 2* is its dual.



4.2 [-convex functions

This paragraph provides a characterization (and a definition) of S-convex functions, which
will be useful in Section 5.

Definition 10. Let U be a convex domain in R”, f : U — R a convex C' function, 3 a real
number greater than or equal to two. The following two propositions are then equivalent:

1. There exists a strictly positive constant C such that, for all  and y in U,
[f(y) = f(&) = Dfuly — 2)| > Cilly — 2| %;
2. There exists a strictly positive constant Cs such that, for all z and y in U,

Tty
2

f(y)+f(x)2f< >’202|yw|"-

The function f is called pB-convex if it satisfies these two conditions.

Proof. The proof of (1) = (2) is easy.
For the other direction, we may suppose z = 0 and D fy = 0. Because the function f is
convex, for all y € U, we have

FO) + 1) = 2f (5) = [10) + F@) =27 (5)] = Callyl”.

F@) = £0) = Collyl® +2 (£ (§) = 1)

By induction, for all n € N*

F) ~ 10 2 0 5 20Dy 42 (7 (55) - )
k=0

The right side has a limit as n goes to +o0o

Jim 2" (1 (55) = 1(0)) = Dfoly) = 0.
1)~ 0) = DIo(u)| = F(w) ~ 1(0) > — 5wl

The constants satisfy C; = Cy/(1 —2'78) > 0. O

5 Geodesic flow

We repeat here, without proof, the regularities of the geodesic flow ¢! on the quotient
manifold M =T\, where Q is a strictly convex domain divided by a group I'.



5.1 The Anosov property

Definition 11. Let W be a compact manifold with a Riemannian metric || - ||y, and let ¢
be a flow on W defined by a vector field X.

The flow ¢! is called Anosov if there exists a continuous decomposition of the tangent
bundle TW = E* ®RX @ E~ fixed by the flow, and if there exist strictly positive constants
a and A such that, for all t > 0,vT € ET,v~ € E~, we have:

1D~ (wF)llw < Ae™|[v™ [|w and [[Dg"(v7)llw < Ae™|[v™ [lw- (a)

The distribution E7 is called unstable, and the distribution £~ is the stable distribution.

The supremum of the numbers a satisfying the inequalities (a) is denoted by ag.

If the manifold W is compact, there exist strictly positive constants b and B such that,
for all t > 0,v7 € ET,v~ € E~, we have

1D (v ) lw = Be™ ™ |[v*|lw and [[Dg" (07 )|l = Be™[lv™ [[w- (b)
The infimum of these numbers b is denoted by bg.

5.2 Stable and unstable distributions

Let Q be a strictly convex divisible domain and M = I'\Q2 the quotient manifold.

In this case, the distributions ET and E~ in T'M for which the geodesic flow @' is
Anosov (see the following Proposition 12), are in fact explicit. Furthermore, there are lifts
E+ and E~ of these distributions in the unit tangent bundle T} that are formulated even
more simply (Section 3.2.5 of [5]).

Let H be a hyperplane not intersecting Q. The domain € can be identified with a domain
in H, the tangent bundle TQ with Q x H, and, for all w = (z,¢) in T'Q2, the tangent space
T, (TQ) with H x H. We also use p*(w),p™ (w), 0" (w), 0™ (w) here as in Section 2. We will
also call H and H_, the hyperplanes tangent to 9 at the points p*(w) and p~(w), I,
their intersection, and finally H,, the hyperplane containing x and I, (see Figure 3).

The unstable and stable distributions are then the following:

Ef = {v" € T(T'Q) | v* = (y,0™ ()y) for y € T,H,},
E; ={v €T (T'Q) | v = (y,—o " (w)y) for y € T, H,}.

Furthermore, the action of the flow on these distributions admits the following geometric
description (Section 3.2.6 of [5]). Let w = (z,€) in T'Q, w, = ¢' - w = (x4,&;) the geodesic
passing through w, and let v~ = (y, —oF (w)y) be a point in E;. We then have D¢ (v™) =
(yt, —0F (wi)yr). The element y, is the unique vector in T, H,, such that the three points
x + 1y, 7 + y¢ and pt(w) are collinear.

5.3 The geodesic flow is Anosov

Proposition 12. (Lemma 3.6 and Proposition 4.6 of [5]) Let Q be a strictly convex divisible
domain, and T a group (assumed torsion-free) such that the quotient M = T\ is a compact
manifold.

The geodesic flow ¢* on the unit tangent bundle T*M is then Anosov. The stable and
unstable distributions E~ and ET are as in the previous paragraph. We furthermore have
the following equivalences:

e the boundary 0N is a-Holder < the distribution E~ is (o — 1)-Holder;



e if a > 1, the boundary is a-Holder < the inequalities (a) are true fora =1— (1/a);
e the boundary is 3-conver < the inequalities (b) are true for b=1— (1/3).

In particular, we have the equalities:

1 1
=1—— and by, =1— —.
Qg o0 an b ,BQ

One of the consequences of Theorem 22 will be that the limit values ags and by are
attained and that ag + by = 1.

5.4 The Anosov properties on closed geodesics

Let W be a compact manifold acted on by Anosov flow ¢.

We will denote by a;b the supremum of the numbers a such that the inequalities (a) are
satisfied restricted to the periodic orbits of the flow on W. In other words, for each a < a’
and for each closed orbit o C W, there exists a constant A = A(a, o) such that (a) is valid
for all for all t > 0,v" in E";,fu* in E‘; The constant A does not need to be constant

among all these orbits.
Perhaps the most striking consequence of the main Theorem 22 is the following corollary.

Corollary 13. With the hypotheses of the previous proposition and the above notation, we
then have the equality:

a:b = ay.

6 [ - convexity and Hilbert distance

Since the Hilbert metric is defined by points of 0f), it is natural to compare the properties
of 99 and those of the distance dg. That is what we do in this section in connecting the
(-convexity of 02 and the “shape” of the balls of the domain €2 in the Hilbert metric.

In this section, 2 denotes a sharp strictly convex domain of P(V') (here € is not neces-
sarily assumed to be divisible).

6.1 Shape of the balls

For this section, we fix a strictly positive number ry. We are interested in the shape of the
balls in the Hilbert metric. If 2y belongs to €2,

Ba(zo,70) :={x € Q| da(zo,x) <10}

To quantify this idea, let § be a distance defining the topology on the closure § and
define, for a § more than or equal to two,

(bg Q2 — R
Tg ¢%($o) = inf {m ‘ da(zo,y) = do(wo, ) = 7"0}
_ il’lf‘{é(.’lﬁo, ) | dQ(l‘(), — TO}
sup{d(zo,%)? | da(zo,y) =70}




and
¥° 1 [2,4+00) — R
B °(8) == inf{$}(0) | z0 € Q.

Intuitively, we compare the length of the “minor axis” a = inf,caopq, (yo,re) (Yo, y) and
the “major axis” b = SUpP,copq, (yo,ro) (Y0, ), of the balls when the point z approaches the
boundary 9§ and, more precisely, if the ratio a/b” stays small.

These functions depend on the chosen distance in the following manner.

Lemma 14. Let § and &' be two equivalent distances on Q. Then for all o in Q,

L5 5/ s
m%&(ﬁo) < 9% (20) < CHB(%@UO)’
where the constant C' is the constant of equivalence of the distances:

for all x and y in €, %5(90, y) <& (z,y) < Co(z,y).

The proof is direct. This lemma allows us to adapt the distances on © to the most
useful choice at each step, and shows that the statement “¢)%(f3) is strictly positive” does
not depend on the distance 4.

We now describe the distances on 2 that we will use. Let H be a hyperplane in V
such that the intersection of P(H) and €2 is empty. The closure Q is then identified with
a compact subset of H and is endowed with the metric 0y induced by the norm || - ||z on
H. 1t is easy to see that the equivalence class of the metric thus defined depends neither on
I - || nor on H.

6.2 [ - convexity and the shape of the balls
The following proposition proves the connection with §-convexity.

Proposition 15. Let Q be a sharp conver domain in P"(R) and 3 a number greater than or
equal to two. If for (all) hyperplanes H, for which P(H)NQ = 0, ¢4 (3) is strictly positive,
and the boundary 02 is (3-convex.

Proof. The idea is approximately the following: allowing the ball to approach the boundary
(Figure 4), the “minor diameter” a becomes equivalent to Ky, where K is a constant, and
the “major diameter” b becomes equivalent to K’z. Furthermore, by hypothesis, there exists
C such that a > CbP. This implies the existence of a number C’ such that y > C’ 2P. The
rest of the proof makes this reasoning rigorous.

=

Xz

Figure 2: Idea of the proof.

The seek to apply point (2) of the definition of 8-convex functions (Definition 10).



We work in the affine patch defined by the hyperplane H. Let || - || be a Euclidean
norm in H.

Letting pg be a point in 91, it suffices to prove the -convexity in a neighborhood of pg
(the property is local). There exists a neighborhood U of pg in the tangent space 1,05, a
neighborhood U’ of py in the orthogonal T, 02+ ~ R and a function f : U — U’ satisfying:

e U x U’ is a neighborhood of pg in H;
e NN (U XU ={(z, f(x)) |x€U}.

The function f is convex because the domain ) is convex. It is C'! because the boundary
oQ is O

Figure 3: f—convexity of the boundary

Let z and y be in U.

We denote by xo the mean of (z, f(x)) and (y, f(y)), a1 one of the points of intersection
of the boundary 0Bgq(xo,70) (1o being previously fixed) and the line passing through the
two points (z, f(x)) and (y, f(y)). Let us denote, for example, by a; the point closer to y
and by ay the point of the boundary dBq(zg,79) with horizontal coordinate (x+y)/2 and
of smallest vertical coordinate.

The lengths a, b, s,t and D are indicated in Figure 5; D is the distance from zg to the
second intersection point of the vertical line passing through zy and the boundary 0f.

Let us calculate dq(xq,a1):

10



dﬂ(x(),al) = ‘10g(($, f(iﬂ)), (yv f(y))a Zo, a1)|

r+y
IOg Z,Y; T7l1

t—s t
t t+s

b

The second equation above comes from the invariance of the cross-ratio under projec-
tions. We then have

1+4+e™m

t=85——.
1—e""0

and on the other hand,

=yl
2
There then exists a constant C, independent of z and y, such that
lz = yll7 = C1s”.

Furthermore, s is the smaller than ||z¢ — a1||g = dg (2o, a1). We obtain

2 = yll7 < C10m (w0, a1)".

(c)
Likewise, we calculate dq (2, as):

dq(zo,az2) = |log

b+D a
D a—-b

2 2

whered — ’f(x) + /) f <x+y>'

Given the calculations, we have:

e’o

e —1— (b/D)"

It is also easy to see that the distance D, which is a continuous function of the pair (z,y)
belonging to U x U, is uniformly bounded below on U x U. Likewise, we can suppose by
restricting U that the distance b is bounded above by an arbitrarily small constant. There
then exists a strictly positive constant Cs independent of x and y such that

e’

— > (5.
ero—1—(b/D) = ?
Since b is equal to dg (zg, az), this shows that

M —f <(1’J2ry)> > C26m (w0, az).

11



The inequalities (c¢) and (d) give

1
lz =yl

‘(fu>+f@>—zf<x;y>)‘>Eﬁiﬂﬁﬂjﬁ

02 5 02 E)
> 2% (10) > 2221 (B) = C
and C'is a strictly positive number. Finally, for all x and y in U, we have

x+y)

@)+ 50 =26 (T52)| = Cle -l

That is to say, f is f-convex. O

RemarkWe similarly have the reciprocal proposition, i.e. f-convexity implies that ¢° () is
strictly positive, but this will not be used in this paper.

7 (r,e)-loxodromic elements and the Hilbert distance

The point of this part is to give certain properties of the loxodromic elements. We will
use these properties in the proof of Theorem 22. We start by repeating the definitions of
proximal and loxodromic elements.

7.1 Proximality

A fixed Euclidean structure (-,-) on V gives projective space P(V') a distance d¢, associated
to the norm || - || on V. If x and y are in P(V),

do(,y) = inf{[lu — o[l | v € z,v €y, [lul| = v]| =1}

If g is an element of PGL(V), ¢ is proximal if g has a unique eigenvalue of largest
modulus. This eigenvalue is real, and we denote by =T the associated eigen-line, and by Vg<
the supplementary hyperplane fixed by g.

The action of g on P(V') then has a single attracting point m;, and the basin of attraction
is the complement of the hyperplane X~ = P(V%).

Conversely, an element g that has an attracting fixed point in P(V') is proximal.

Definition 16. Let g be a proximal element and r > ¢ > 0. We define

b5% = B(a),e) = {z € P(V) | do(x,2}) < e},

and
B;"SU ={z eP(V)|do(x,X;) > e}

We say ¢ is (r,e)-proximal if:
o do(zf, X5) > 2r;
o 9(35’50) C b§’50;

e the restriction of g to B;‘SO is e-Lipschitz.

12



7.2 Loxodromic elements

An element g € PGL(V) is called loxodromic (or R-regular) if the eigenvalues of g, counted
with multiplicity, have pairwise distinct norms. We denote them by Aq,...\,1+1 (they are
necessarily real) such that [A1| > -+ > |A,41], and let vq,...,v,41 be associated eigenvec-
tors. )

For i = 1,...,n+ 1, we denote by V; the i-th exterior power of V, V; = A'V. Then
the action of g on P(V;) is proximal with attracting fixed point z;” = Ruvy A --- Av; and the
basin of attraction is the compelement of P(V,<), where
VS = vk, Ao Ay, | k1 < -+ < k; and k; > i).

(3

Conversely, and element ¢ for which the action is proximal on each P(V;) is loxodromic.
The Euclidean structure on V induces a Euclidean structure on each V;, i =1,...,n+1
by the formula:

(VA Avjywy A Awg) = Z £(0)(v1, We(1)) - (Vis We(5))-
oeS;

If (€;)i=1..n+1 is an orthonormal basis for V', then an orthonormal basis of V; is given
by (ex, A+ Aek, ) 1<k < .<ki<n+1-

Definition 17. An element ¢g in PGL(V) is called (r,e)-loxodromic if the action of ¢ on
P(V;) is (r,e)-proximal for all i.

Below, the eigenvectors of g will be normalized, i.e. ||Jvi]| = - [[vpt1]] = 1.

7.3 Loxodromic elements and the distance on P(V)

For ¢ loxodromic, we denote by wv1,...,v,41 the normalized eigenvectors of g, and by
Al, ... Apt1 the associated eigenvalues, ordered by decreasing modulus.
Let (-,-)4 be a dot product for which vy,...,v,41 is an orthonormal basis, and d, the

induced distance on P(V),

dg(2,y) = mf{{lu —of| [uez,v ey, lully = [lv]ly =1}

Since the projective space P(V) is compact, the distance d4 is clearly equivalent to dg.

The point of this section is to show that, if ¢ is (r,e)-loxodromic, then the constants
involved in the equivalence of the distances can be chosen independently of g.

We know there exists an orthonormal basis (e;) of (V (-, -)) and a lower-triangular matrix
T with a strictly positive diagonal such that

t(’l)l, e 7Un+1) - Tt(el, ce €n+1).
(This is the Schmidt orthonormalization process.) We denote by by T'(g) the lower-
triangular matrix thus associated to g.

Proposition 18. Let r > 0. There exists a compact K, in GL,+1(R) such that if g is
(r, €)-lozodromic, then the matriz T'(g) belongs to the compact set K.

Proof. Let S(V') be a unit sphere in V with the norm || -||. Let U be the domain in S(V)"*+1
of linearly independent (n + 1)-tuples.

We denote by F,. the collection of (n + 1)-tuples (wy,...wy41) satisfying the following
inequalities:

13



(50(RU)1,P(W1<)) Z 2r
(50(Rw1 N wg,IP(W2<)) > 2r

So(Rwy A wi, P(W;S)) > 2r

where W, = (w;, A-+- Aw;, | i1 < -+ <ig), and dy is the distance on P(V;) induced by the
Euclidean structure.
The set F,. is compact and in U. We denote by T' the function

U — GLypsr(R)

(w1, wpgr) = T(w, oo wogr)
where T'(w1, ..., w,+1) is the matrix given by the preceding Schmidt orthogonalization.
This transformation T is continuous, so the image of F). is a compact set K. ]

Based on this proposition, we derive the corollary:

Corollary 19. Let r > 0. There exists a strictly positive constant C,. such that for g €
PGL(V), if g is (r,e)-loxodromic, then

for all & and y in B(V), -6,(r,) < bo(a,y) < Cry ().

r

dq is the distance associated with the norm || - || introduced earlier.

8 Equality of Holder regularities

We will now prove the theorem announced in the first part of this paper (Theorem 4). We
will in fact prove the stronger Theorem 22.

For the rest of this section, {2 designates a strictly convex divisible domain, and T" the
corresponding discrete subgroup of PGL(V).

8.1 Notation.

We introduce some notation related to the group I'.

Let g € PGL(V), A1, ..., Any1 the eigenvalues of g ordered by decreasing modulus. The
logarithms of the norms of these eigenvalues are denoted by I3 > 1o > ... > [, 41.

If ¢ is biproximal, that is to say g and g~' are proximal, we set

l1 — ln+1 ll - ln+1
9= T s ﬁg =

Iy =y Iy — 1o
Furthermore, we define
Or = sup By and ar := 711nf g
g€Tl',g proximal g€l',g~! proximal

If g belongs to I'\{id}, we know that g is proximal (Proposition 5.1 of [5]), and so is
g~ ' so
1 1

+ —=1.
gt ﬁg

(67
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We then have
1 1

Oéi[‘—’—ﬂip:l. (e)

We also have a(igy = ay and B(i4) = B4, and thus
ar = Q(tr) and ﬂr = ﬁ(tp). (f)

8.2 Proximality and regularity

The numbers ar and fr are connected by the regularity of the boundary by the following
inequalities:

Proposition 20. (Corollary 5.3 of [5]) Let Q a strictly convex divisible domain divided by
group T'. In the discussed notation, we have the inequalities

I <ag <ar <2< fr < fo <oo.
We repeat the proof for the reader’s convenience.

Proof. Let g # id in I'. We know that g is biproximal. We denote by m;‘ and z_ the
eigen-lines associated to the eigenvalues of the largest and smallest modulus, respectively.
Let W, be the g-invariant subspace supplementary to these lines.. The matrix of ¢ in a
basis adapted to the decomposition :E;‘ ® W, @ x, is of the form

A0 0
0 A4, 0
0 0 A1
The eigenvalues of g are Aq,...,A\,41, and we denote by I3 > -+ > [,,41 the logarithms

of their norms. Furthermore, by Proposition 5.1 of [5] we know that z; belongs to the
boundary 9 and that the tangent hyperplane T+ MNis V7 =af oW,

In the affine patch defined by Vg< = W, @ v, , we can place the point x;r at the origin.
The tangent hyperplane is then the subspace W,. g acts on this coordinate patch by the
matrix:

M4, 0
0 AN\
There exist elements p in the boundary 92 such that:
. 1 + . 1 >
lim —logdo(g? - p,ry) =1, — 1l and lim —logdo(g9? - p,V;) =lpnt1 —
q—0 ¢ q—00 ¢

Holder regularity then shows that a, > aq and thus ar > ag. The other inequality is
shown in a similar manner. O

Geodesic flow and the eigenvalues of the elements of I" are related.

Proposition 21. Let Q) a strictly convez divisible domain and ' a torsion-free group dividing
Q. Let furthermore a:ﬁ be the constant associated to the geodesic flow ¢' on the quotient
M =T\Q, as in Corollary 13.

We then have the equation
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Proof. a; is the contraction constant associated to the periodic geodesics. Let a < 1/0p.
The closed geodesics of T*M correspond to geodesics (ws)ser of T2 such that there
exists a non-trivial g € I" such that g - (ws)ser = (Ws)ser-
We give the unit tangent bundle 7' a I'-invariant Riemannian metric || - ||71q. For such
a geodesic (ws)scr, we must show that there exists an A such that, for all s, for all ¢ > 0,
and for all v~ in E;S:

[(D¢")w, v 710 < Ae™*|[v7 |10

(The same proof works for E*.)

The logarithms of the norms of the eigenvalues of the element g, such that g-(ws) = (ws),
are denoted by Iy > --- > I, 1. We then have for all s, g-ws = wsyq,-1,,,, Which comes
from the formula for the Hilbert distance on 2. By g-invariance, it suffices to prove the
equation above for s = 0 and ¢ = ¢(l; — l,,+1) with ¢ € N*. That is to say, there exists A
such that for all ¢ € N* and v~ € E;O,t =q(ly — lpy1),

(D¢ )wov™ T < Ae™ [0 [|11g.

Let H be a hyperplane such that P(H) does not intersect Q, with the norm || - ||. As
in Section 2, 2 is identified with a domain in H, the tangent bundle T} is identified with
QO x H and, for w in TQ, T, (T) with H x H. We also use the notation of that section
0+ P~ 0" 00).

For w = wy = (,£), we have p™(w) = :E;‘ the eigen-line of g associated to the eigenvalue
A1, and p~ (w) = z, . The supplementary g-invariant subspace to these lines xg‘ and x is
denoted W,. The hyperplane tangent to 9Q at z} is 2} © Wy, and that at = is z, @ W,,.

Now let v~ = (y, —o " (w)y) in E, where y belongs to T, H,, (cf. Figure 3 where I, =
Wy, pT(w) = x; and p~(w) =z, ). Here H, is the hyperplane containing z and W,. We
then have D¢ (v™) = (yi, —0 (wi)ys), and y; is an element of T, H,, such that z+y, z; +y;
and x;}' are collinear (cf. Section 4.2). The hyperplane H,, contains z; and W,,.

According to Lemma 3.5 of [5], there exists a constant C' > 0 such that

C M yelle < 1D' (v )71 < Cliyelle

(Il - le is the metric on 2 defined by the Hilbert distance).

We need to find a constant A such that, for all y and all ¢ = ¢(I1 — l,41), we have
llyello < Ae™!||y||q. By the definition of | - ||, it suffices to obtain this inequality in terms
of o™ and o~

We have
RN T
() du (P (ye), ©4)
O P
W)= G )0
Then,

U+(yt) < ||yt||H maXpGHwﬂﬁQdH(pvx)
ot(y) = lyllp minpen,,noo du(p, z+)

For the construction of y;, we remark that, for all positive ¢, ||yl z/||yllg < ke™, for a
certain constant k. Furthermore, for t = g(l; — l,,11), we remark that g? sends H, N 99 to
H,, N0S) and we easily obtain the following inequality, for all ¢ > 0 and ¢ = q(l; — lp+1)-
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. 1y —1 ) .
min _ dy(p,z) > Ke? =) min  dy(p,z
pEH,,, NN (p,21) peH,,NIN (p, )

for a constant K (for example, using the affine chart in the previous proof).
This shows the existence of a constant A such that

U+(yt) < Ae—t(l—l/ag)’
ot(y) ~
and since a < 1 — 1/ay, this will give the concluding inequality. We obtain that a;) >

1/Br.

Conversely, there exist vectors y such that, for all ¢ = ¢(I; — l,,41), we have

d(pT (o), z) > Kedth=tn),
lyellzr > ke ||yl a-

and the same calculation shows that a:b < 1-1/a, and we obtain the equality a’¢
1-— 1/0[{‘.

o

8.3 Conclusion

The rest shows that the inequalities in Proposition 20 are in fact equalities, which will easily
imply the desired result (Theorem 4) by equations (f).

Theorem 22. Let Q be a strictly convex divisible domain divided by group I'. We further-
more denote by aq and PBq the regularities of . ar and Pr are the constants associated
with the group I' in Section 7.1. ay and a;) are the constants related to the geodesic flow,
defined in Section 4.4.

Then:

1. the boundary 0N is ap-Hélder; in particular ag = ar;

2. the boundary OS2 is Pr-convex; and thus Bg = Pr;

3. the contraction constants for the flow are equal: ay = a;s =1/PBa;
4. the regularities of Q and its dual are equal: ag = agqx, o = Pax-

Lemma 8 and the inequalities (f) establish the equivalence of the points (1) and (2) of
the theorem. Points (3) and (4) can be deduced from the previous two, by Propositions 12
and 21 and by the inequality (f).

Thus, we have to prove only the following proposition.

Proposition 23. Let Q) a strictly convex domain divided by I'. Let 3 > Pr. Then 0N is
(-convex.

Proof. Suppose that the domain €2 is not an ellipsoid. We use the following fact:

there exists 7 > ¢ > 0 and a compact K in €2, for which:
for all z in €, there exists y in K and g in I" such that
g is (r,e)-loxodromic and = = ¢ - y,
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whose proof is delayed (Proposition 26).
Let 8 > fBr. By Proposition 15, it suffices to show that 15, () is strictly positive, that
is to say, that the function qﬁgo, introduced in Section 5, is bounded below on the domain €.
This function is continuous and thus bounded below on the compact K by a strictly
positive number c. Let C). be the equivalence constant for the distances, given by Corollary
19, and D = C!*#. Then, by Lemma 14, for all (r, ¢)-loxodromic g and all z¢ in €2,

56 (wo) < 987 < Doy (o).

and the function qbff is bounded below on K by ¢/D (d, is the distance associated to g,
introduced in Section 6).

Let g be (r,e)-loxodromic, i, ..., \,11 its eigenvalues ordered by decreasing modulus,
v1,...,Un41 the associated eigenvectors, and [, ..., 1,41 the logarithms of the norms of the
eigenvalues.

The line 27 = Ru; belongs to 9 and is the attracting point of g in P(V). Likewise,

g

r,; = Ruyqg is in 02 and the hyperplane tangent to 02 at z is P(V,<), where V= =

(U2, ..., vny1). The basin of attraction of g is the affine patch B, = P(V)\P(V,~):
60 Vit — B}
v — [v1 + v].

The action of g is the following on this affine patch:

Ai .
g*v; = ¢g_1 0godg(vi) = Vi for all ¢ > 1.
1

The vector space V< has a Euclidean norm || -[|{, for which {va,...,vny41} is an orthonor-
mal basis. In the manner discussed, we immediately get

. An+1 2
for all v in V<, [ 225 ol < |lg = o], < |22 ||o]|’
Pt e < o e oty < 32 o,
A
st 102, ®
<o S

This norm induces a distance on the affine domain B+ which we denote by d;. It does
not induce a distance on Q because the intersection P(V<) NQ = {z, } is not empty, but it

none the less induces a distance on 2. We can then calculate d)bg , but Lemma 14 does not

apply.
In the distance 6;, the calculations are simplified, and for yy € Q2

5 . dy(9 - Y0,9)
9 un) = inf 4 —9 I Y0 I)
¢5 (9-yo) =in {5;(9 Y0.2)?

80 (90,9 Y)
—infd 42 7777 77 B .
" {52(9'90,9'$)B 7oy € OBaly yO’TO)}

:M{M*(<m Wy
lo* (¢ (w0) = é ' @)

because ¢ is an isometry from the boundary 9Bg(yo,70) to the boundary 0Bq (g yo,70)-
Then, using the inequalities (g),

‘ T,y € 6BQ(9 : 2/077"0)}

T,y € aBQ(g : y07T0)}
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oy (°) — o5 W)l
65 (%) — &5 (@)1’

> el"“_ll(elrll)_ﬁ inf{ |x,y € 0Bqa(g - y07r0)}

> B 1=12) % (4

and since (5 — f4)(l1 — l2) > 0, we obtain the following inequality

5 5
b5 (9-y0) = ¢4 (yo)-
If 4o belongs to K, it remains to compare ¢Zg (yo) and d)%g (yo) and the same with ¢gg (9-y0)
and ¢g§ (9-yo), if g is (r, e)-loxodromic. This is what we do in the following lemma.

Lemma 24. There exists a constant E > 0 such that for all (r,e)-loxodromic g and for all
Yo in K,

1 ’ ’
794 (o) < 6% (vo) < By (v0)

1 s 5 5
and 24 (9 y0) < 05’ (9 - o) < E5" (9 yo)

Proof. We define
K ={z € Q|dg(x,K) <ro}.

The intersection of K’ with the boundary 9€) is empty, so there exists a number e such
that do(K’,00) > e > 0. If g is (r,e)-loxodromic, then for the constant C, from Corollary
19

e
§y(K',00) > ol

T

This means that, if yo belongs to K, the ball Bq(yo,r0) is far from P(V,*) (the distance
being greater than e/C).), which implies the same property for Bo(g - yo,70) and thus the
equivalence of the distances. More precisely, we have the following lemma.

Lemma 25. Letn > 0. Let g a loxodromic element, and define

B = {a € B(V) | 5,(x, (V")) = n}.
There exists a constant F' > 0 not depending on g for which the distances §, and 6; are

equivalent on the set 32’59 :

() < 8y (,) < Foy(a,).
Proof. We denote by (eq,...,en+1) the canonical basis for R™*t1 = W. The usual Euclidean
norm on W defines a distance § on P(W).

Define W< := Rey @ - - - ® Re, 1. The restriction of the Euclidean norm to W< defines
a distance ¢’ on the affine patch P(W)\P(W<).

Let g be a loxodromic element in PGL(V'), and vy, ..., v,41 the normalized eigenvectors

forall x,y € Bg"sg,

of g. The linear transformation from V' to W that sends v; to e; induces a bijection of By 99
with
B = {z € P(W) | §(2, P(W<)) > n}.

This bijection is furthermore an isometry of (Bg’é"’ ,0g) to (B"9,5), and also an isometry

from (B;"ég,%) to (B™%,8). The constant F' in the equivalence of the distances d and ¢’ is
the same. O
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The number 7 is from now on fixed to e/C,.. For all y in K and all (r, €)-loxodromic g,
the ball Bq(yo,70) is a subset of B_Z"Sg.

The ball Bg’ég is the image in an affine chart ¢, of the ball of (V,<, | - [|{) centered at 0

and of radius
2 — 772

/A% =t ’
Since the action of g on Vg< is a contraction, the image under g of the ball Bq(yo,ro) is

a subset of Bg’sg.
Since on the balls Bo(yo,70) and Ba(g-yo,70) the distances d, and d, are equivalent up

R:

to the constant F' from the previous lemma, this implies that, for F = F1+5,
1 s 5 5!
£ (yo) < &4 (yo) < Edy (o)

1 s 5 5
and —¢5'(9 - yo) < &5'(9-y0) < Edg" (9 - 4o)-
This concludes Lemma 24. O]

We can now conclude: for all zq in €, there exists yo in K and (r,e)-loxodromic g in T’
such that xg = ¢ - yo, so by equations (h) and (i),

8 (o) > 505 (w0) > 52077 (o)
1 s 1
> ﬁ(%g(yo) > Wqﬁg’(yo)
C

= DBy

thus, ¥%(3) is strictly positive and the boundary 9 is 3-convex, which finishes the proof
of Proposition 23.
O

To be complete, we need to prove the following fact used above.

Proposition 26. Let Q2 be a strictly convex divisible domain divided a by group T'. If the
domain Q is not an ellipsoid, then there exist numbers v > € > 0 and a compact K C €
such that:

for all xg in Q, there exists yo in K and g in T such that
g is (r,€)-lozodromic and o = g - Yo

Proof. According to Theorem 3.6 of [2], the group T is Zariski dense and thus contains a
loxodromic element [10]. It is a direct consequence of the theorem of Abels, Margulis and
Soifer [1] that there exists a finite part F of T" and r > ¢ > 0 for which we have the property:

for all g in I', there exists h in F such that
gh~1 is (r,e)-loxodromic.

Furthermore, by hypothesis there exists a compact Ky in Q such that Q@ =T"- Ky. The
compact K = F' - K satisfies the conclusions of the proposition. ]
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A Appendix. Quasi-Isometries.

The ideas used here can be easily adapted to show that the injection of T' into PSL(V) is a
quasi-isometric embedding.

Definition A.1. Let (X,dx) and (Y, dy) be metric spaces.
A transformation ¢ from X to Y is a quasi-isometric embedding if there exist (K, C)
such that, for all z, 2’ in X,

Edx(r,2') — € < dy (9(), 6(x") < Kdulr,2') +C.

We also say (K, C)-quasi-isometric embedding.
Furthermore, ¢ is a quasi-isometry if, for all y in Y, there exists x in X with dy (y, ¢(z)) <
C.

If T is a finitely generated group, it has a metric dr defined by the length of the words in a
generating set S. The quasi-isometry class of this metric does not depend on the generators
[7].

Let g in PSL,,11(R). We denote by uy = diag(p1, ..., finy1), with gy > -+« > pi4q its
Cartan component, i.e. ¢ = kexp(u4)! for k and [ in PSO(n + 1, R).

The following two lemmas will be useful.

Lemma A.2. Let dpgy, ., (r) be a left-invariant metric on PSL,1(R) and || - || a norm on
the diagonal matrices with trace zero coming from the Riemannian metric.
There then exist (K,C) such that, for all g, and py the Cartan component of g:

1 .
E||/~L+|| —C <dpsr,,,(®) (9, id) < K|pi] + C.

Proof. By the invariance and compactness of PSO,,1(R), it suffices to show the inequalities
for the subgroup of diagonal matrices. This comes from the equivalence of norms on a finite-
dimensional vector space. O

Lemma A.3. For allr > e > 0, there exists a constant ¢ such that, for all (r,e)-prozimal g
in PSL,+1(R), Iy the logarithm of the modulus of the biggest eigenvalue of g, 1 the largest
eigenvalue of the Cartan component of g, we have:

cpr <l < pg.
Proof. This is Lemma 1.3 of [3] O

Proposition A.4. Let Q C P*(R) be a strictly convex divisible domain and T a subgroup
of PSL,1+1(R) dividing Q.
The injection of T into PSL,1(R) is then a quasi-isometric embedding.

Proof. In fact, only the left inequality in Definition A1 is not immediate.
Since the group I' acts properly on {2 with a compact quotient, the orbit transformation

(F’ dF) — (Qv dQ)

g—9-x

is a quasi-isometry (z is some point in §2). There then exists a constant K such that, for all
gin T,



(Ir is the length of the words in T').
According the the theorem of Abels, Margulis and Soifer, there exists 7 > ¢ > 0 and a
finite part F' of I" such that for all g in T, there exists h in F such that gh~! is (r, €)-proximal.
Furthermore, it is easy to see that there exists R > 0 such that, for all g in T, if ¢! is
(r,e)-proximal, m; and z are fixed attracting and repelling points of g in P"(IR), then there
exists y belonging to the intersection of  and the line (z},2,) such that do(y,r) < R.
Letting l; > --- > l,,41 be the logarithms of the norms of the eigenvalues of g, we have

dQ(g . %y) =1 — l71,+1a

where
1
b= i1 2 dolg - @,2) = 2R > 5=lr(g) — 2R.

1

Furthermore, Lemma A3 applies to ¢~ and allows us to show that

1
||IU’+H = ‘/"Ll - ,LLn+1| > E(ll - ln+1).

Let (K,C) be the constants from Lemma A2. For g € T', there exists an h in F such
that g=1h is (r, €)-proximal, so

1. 1/1 _
KdPSLn+1(R)(h lgvld) +C > P (KZF(h 19) — 2R) )

and we get:
-1 > _
Ir(h™"g) > Ir(g) r}{lea;(lp(h)
dpst,,, () (9,1d) > dpsr, ., w) (h'g,id) — max dpsL,, ., (r) (1, id)
obtaining the desired conclusion. L
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